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Abstract 

In  this  report  estimates  for  the  stresses  and  strains  and 
their  derivatives  are  derived  for  a  thin  plate.   An  isotropic 
material  having  a  strain  energy  density  function  which  is  an 
analytic  function  of  the  strain  invariants  is  considered,  and 
the  estimates  are  derived  from  the  exact  three  dimensional 
theory  of  elasticity.   These  estimates  are  then  used  to  derive 
approximate  interior  plate  equations  with  error  estimates. 

The  estimates  obtained  are  of  the  same  type  as  those  derived 
by  F.  John  [1]  for  shells,  but  the  work  here  differs  from  that 
in  [1]  in  that  consideration  is  restricted  to  plates  and  two 
strain  parameters  are  used  rather  than  one. 

The  strain  parameters  e,  and  e^  are  chosen  so  that  when  the 
deformed  plate  is  nearly  flat  e,  is  small  relative  to  ^^    and 
for  relatively  large  bending  e„  is  small  relative  to  e, . 
Consequently,  various  simplifications  in  the  plate  equations 
are  possible  for  either  small  bending  or  relatively  large 
bending.   Also  certain  vacuities  in  estimates  are  avoided  by 
using  the  two  strain  parameters . 
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Introduction 
In  this  report  we  derive  estimates  for  the  stresses  and 
strains  and  their  derivatives  in  a  thin  plate.   Let  u,  ,  n^, 
and  U-,  be  the  displacements  parallel  to  the  coordinate  axes 
(Cartesian)  of  the  particle  which  was  at  (x^jX^jX^)  in  the 
undeformed  plate,  and  let 

(0.1)         e.  .(x^,X2,X3)  =  \   (u.^.+u.^.+u^^.uj^^.) 

be  the  strains  where   i  denotes  3/3x.  ,  Latin  indices  assume 

the  values  1,2,3  and  repeated  indices  are  summed  over  their  range. 

We  consider  a  plate  which  in  the  undeformed  state  is  bounded 
by  the  planes  x^  =  +  h  and  by  a  verticle  surface  at  the  edge. 

We  define  quantities  a  „  and  b  „  in  terms  of  the  longitudinal 
strains  on  the  middle  surface  by 

^a3(^l'^2^  =  ^a3^^1'^2'°^ 
(0.2) 

^a6(^l'^2^  =  ^aB,3(^l'^2'°^ 

where  Greek  indices  take  on  the  values  1,2. 

Formulas  with  error  estimates  are  obtained  expressing  the 
stresses  and  strains  in  the  three  dimensional  plate  in  terms  of 
the  quantities  o  „  and  b   ,  and  approximate  differential  equations 
with  error  estimates  are  obtained  for  the  quantities  a  „  and  b  „ . 

The  theory  used  is  the  exact  three  dimensional  theory  for 
an  arbitrary  homogeneous  isotropic  material  having  a  strain 
energy  density  function  which  is  analytic  in  the  strain  invariants, 

The  estimates  obtained  are  of  the  same  type  as  those  derived 
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by  F.  John  [1]  for  shells,  but  the  work  here  differs  from  that 
in  [1]  in  that  two  strain  parameters  are  used  in  the  estimates 
rather  than  one ,  separate  estimates  are  obtained  for  the  odd  and 
even  parts  (considered  as  a  function  of  x  )  of  each  function 
estimated,  and  consideration  is  restricted  to  plates. 

Significant  features  of  the  results  presented  here  are  that 
the  estimates  give  useful  information  in  some  cases  where  the 
corresponding  estimates  given  in  [1]  are  vacuous,  and  simplifica- 
tions result  when  either  one  of  the  strain  parameters  is  suffici- 
ently small  relative  to  the  other. 

We  introduce  non-dimensional  stresses  t . .  by  letting 

1   3W 


(0.3) 


'ij    E  9e.  . 


where  W  is  the  strain  energy  density  function  (energy  per  unit 
undeformed  volume) ,  and  E  is  Young's  modulus  for  the  material. 
If  S  is  a  surface  in  the  deformed  plate  and  S  is  the  surface  in 

the  undeformed  plate  consisting  of  the  same  particles,  then 

-»■ 
Et. .n.g.   is  the  stress  vector  (force  per  unit  undeformed  area) 

acting  across  S  where  (n,  ,n^,n-,)  is  the  unit  normal  vector  to  S 

pointing  to  the  particles  exerting  the  force  across  S,  and 

g.  =  TT— —  (x,+u,  ,x„-l-u- ,x^-l-u^)  is  a  tangent  vector  to  the  curve 

consisting  of  the  particles  which  were  on  a  line  parallel  to 

the  ith  coordinate  axis  in  the  undeformed  plate. 

We  restrict  ourselves  to  deformations  in  which  the  stress 

vector  is  zero  at  the  faces  and  the  body  force  vector  is  zero 

throughout  the  plate.   This  gives 
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CO. 4)       t.3  -=  0    for    X3  =  +  h  (i  =  1,2,3) 

and  the  equilibrium  equations  [1,2] 

CO. 5)       t..^.+  2e.^t^.^.^  2e.^^.tj^.=  |w^.    (i  =  1,2,3). 

Each  of  the  functions  t. .  can  be  expressed  in  a  unique  way 

as  the  sum  of  an  even  function  of  x^  and  an  odd  functions  of  x^. 

We  define  t.  .   Cw=l,2)  to  be  the  even  part  of  t.  .  if  to  plus 

the  number  of  threes  among  i,j  is  even.   Otherwise  t..^  is 

defined  to  be  the  odd  part  of  t. .,  i.e.  t  ^2'    ^^31'  ^^^   ^332  ^^^ 

even  functions  of  x-  and  t  „,  ,  t  ^^,    and  t-,,,  are  odd  functions 

3       apl    a32'       331 

of  x- .   Similarly  we  define  e. .  . 
3  i^w 

Next  we  introduce  the  parameters  in  terms  of  which  estimates 
are  given.   If  (x,,X2f>^3)  is  any  point  in  the  undeformed  plate, 
let  D  be  the  horizontal  distance  from  (x,,X2,X3)  to  the  edge  of 
the  undeformed  plate.   We  show  that  there  is  a  fixed  number  Qgl  1 
depending  only  on  the  strain  energy  density  function  such  that  the 

/\  y\  y\. 

estimates  presented  in  the  following  are  valid  at  ix^,X2,^2^    ^^ 

(0.6)  I  <  Oq     and     le..J  1  9^ 

hold  in  the  cylinder  Cx^^-x^)   +  (X2-X2)   £  D  ,   [x^  |  <_  h  in  the 
undeformed  plate.   We  let  C  denote  this  cylinder.   Let 

e^   =     max  le^^^l 


CO. 7) 

[max  (e,,  |e..2l)     otherwise; 

where  the  maximum  is  taken  with  respect  to  all  values  of  the 

indices  and  all  points  in  the  cylinder  C. 

Let  ^ 

6  =  max  CfT  ,    ^^^ 
CO. 8)  Gn 

d  =  —  h 
0 
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The  estimates  will  be  given  in  terms  of  the  parameters 
e,,  z,y,   h,  d,  and  9. 

In  all  cases   max|e.  .2I  5.  Eo'   ^^  show  that  this  is  an 

equality  if   e^  £  max | 6.-2 |.   The  result  follows  immediately 

2   2  ')       "? 

from  the  definition  of  £„  if  e,  >  h  /D   or  max | e . .2I  >  h  /D  . 

If  £-,  <_  h^/D^  and  max|e..^|  <  h^/D^ ,  then  D^/h^  e^  <  e^ 

<_maxje..2|  so  that  z^   =  max|e..2|.   Thus  in  any  event 

e,  <  max|e.  .„|  implies  e„  =  max  I e .  .^1  and  e,  <  e„.   In  fact 
1  —      ij'^  2       '  132'       1  —  2 

we  can  have  e,  =  0  when  £2^0*   This  will  occur  if  the  horizontal 
displacements  are  even  functions  of  x^  and  the  vertical  displacement 
is  an  odd  function  of  x    In  this  case  there  is  no  bending  of  the 

plate . 

2   2 
We  can  also  have  z^   L  ^2"  '^^   particular,  if  e,  <_  h  /D   and 

max  I  e^. 2  I  £  D  /h   e^,  then  £2  =  D  /h  ^\'L^\'      ^"  ^^^'^   if 

2   2 

e,  <<  h  /D  ,  then  £2  <<  £-,.   However,  from  (0.7)  it  is  clear  that 

we  can  not  have  £   =  0  and  £,>  0.   We  can  have  £„  <<  £,  if  the 
horizontal  displacements  are  nearly  odd  functions  of  x_  and  the 
vertical  displacement  is  nearly  an  even  function  of  x^.   This  would 
correspond  to  relatively  large  bending  of    the  plate. 
The  following  are  easily  verified 

h  _  e  <  T 
^"^-     2   2 

(0.9)  ^  -    _   °  d^  -  d^ 

^1  -   ^^^^2  -  ^ 

l^ijll  1  ^1 

|e.j2l  i  ^2 
where  the  last  two  lines  hold  in  C. 
0  <  Gq  follows  from  (0.6),  (0.7). 
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If    e,    <    —75-  and  max  I  e .  .^1    <    — ^   »    then    e_    >    — ^  e,    so    that 

1  -  ^       i:2i  -  ^  '     2  -  ;;t  1 

£-,  <_  g-  /eT  <_  0/eT  .  Otherwise  e,<_  ep<_  9 /eT  since  e„<_  0  . 
This  completes  the  proof  that  e,  <  6/eT,  and  the  remainder 
of  (0.9)  is  immediate. 

The  first  estimates  which  are  obtained  for  the  stresses  and 
their  derivatives  are  listed  next  in  (0.10) .   An  expression  of 
the  type  0(A)  represents  a  quantity  whose  absolute  value  is 
less  than  or  equal  k|a|  where  k  is  a  positive  constant  whose 
value  depends  only  on  the  strain  energy  density  function. 
In  (0.10)  the  numbers  k^,k2,k^  are  any  non-negative  integers  which 
make  the  notation  meaningful,  and  there  is  not  necessarily  any 
relationship  between  their  values  on  one  line  and  their  values 
on  the  next.   Thus  k^+k^   =  k  on  some  lines  and  k.+k^+k^  =  k 
on  other  lines.   The  first  line  in  (0.10)  gives  an  estimate 
for  all  derivatives  of  all  stresses,  and  the  remaining  lines 
give  sharper  estimates  for  some  derivatives  of  some  stresses. 
We  should  also  state  that  k  may  take  on  the  value  zero  on  each 
line  of  (0.10).   A  statement  such  as  (i,j)  =  (a, 3)  means  that 
i  and  j  take  on  the  values  1,2. 
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(  .  if  k^  =  0 

I   e  if  k-,=l  and  i=3  or  i  =  3 

|c:.'(-|)  .;          ' 

i   d  if  k_  is  even  and  (i,j)=  (a,3)or(3,3) 

k  ! 

3  t^.        j  ,  if  k^  is  odd  and  (i,j)=(a,3) 


9Xt    3x„    9x^  i('( iiUp)    otherwise 


9    t 

a31                _  /'  /    h             > 

"TT ET"            "  ^  ^Tk+T  ^1^ 

^       Ip,       2  d 

(0.10)     '^^l    1^2  ^    , 

9^t^32  ^^'^3 

k,    \,      k,    =  ^^    (    k+3-k-    ^2^                 for   k3    =    0,1,2 

9x-|^-^3x2    9X3-^  d              -^ 

^    ^330)  j^2-k3 

k,      k„      k,      =  '-   ^    k+2-k,    ^ J                 fork3   =    0,l 

9x^-^9x2    9x3  d             -^ 

•if   k^    is    odd   and 

k  I           ^ 

3    t^j2  .       h                     '                 (i,j)  =  (a,3)    or    (3,3) 

iq^      k^^      kj  "  '-^  ^^k+T  ^2^      Mf   k3    is   even   and 

9x,  9x~  9x-  1       /  •     •  \          lis 

12    3  j       (i,d)  =  (a,3)  . 


Each  of  the  inequalities  in  (0.10)  is  valid  at  the  particle 

/\      /\      ^ 
which  was  at  (x^,X2,X3)  in  the  undeformed  plate.   Actually,  each 

inequality  in  (0.10)  is  valid  at  all  particles  which  occupied  a 

cylinder  in  the  undeformed  plate  which  is  concentric  with  C  and 

whose  radius  depends  only  on  the  strain  energy  density  function 

and  on  the  value  of  k  in  the  inequality. 

Similar  estimates  are  obtained  for  the  derivatives  of  the 

strains.   Namely, 
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(  if  k^  =  0 

C  (-rr)  if  ^-i  is  even  and  (i  ,  j)  =  (a  ,B  )  or  (  3  ,  3) 

i    d^  ^ 

j  if  k-  is  odd  and  (i,j)  =  (a,3) 


~\      ^2      '^    '      ^oj 
9x^  9x   ax^     \  r   ( — J— -y)   otherwise 

2         ;  '  hd 


k 
^  \31         -,   h 


CO. 11)    ^""l  ^""2 


k^   k2        -^^k+1  ^1^ 


k.   L   k.,  =   ^'  ^  k+3-k.   ^2^   ^°^   k3  =  0,1,2 


"1    2    3  3 

9x^-^9X2  9x3         d 


I  for  k^  odd  and  (i,j)=  (a,3)or(  3,3) 

k  ' 

3  e. .„  he„     : 

i:2     ^   V,  . 2_.   ! 

k^^   ic^   1^    ^   d'^"^-^    '1 
9x,  9X2  3Xt  '.for  k^  even  and  (i,j)=(a,3) 


The  paragraph  after  (0.10)  also  applies  to  (0.11). 

Using  (0.10)  and  (0.11),  expressions  are  obtained  for  the 
stresses  and  strains  in  terms  of  a  „  and  b  „ .   Those  for  the 
strains  are  (0.14)  and  those  for  the  stresses  are  (0.15)  . 
To  define  the  constants  which  appear  in  (0.14)  and  (0.15) 
we  first  introduce  the  strain  invariants  s,  ,  s  ,  s   by 

(0.12)     s,  =e..  ,    s^  =  e..e..  ,    ST  =  e..e.,e,  .. 
1     11  '     2     13  ]i  '     3     13  ]k  ki 

We  consider  a  material  for  which  W  is  an  analytic  function 

of  s, ,  s-,  St  and  define 
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(0.13) 


A  = 


2 

9  W 

as? 


9W 


s^=S2=S3=0 


W 


1  3W 


s^=S2=S3=0 


10 


E  3s. 


s^=S2=S3=0 


W 


1   9  W 


20 


E"  9s^9s2 


^1=^2=^3=° 


W^^  =  ~ 


1   9^ 


'40 


^^  9sJ 


s^=S2=S3=0 


Many  combinations  of  these  five  eleastic  constants  appear 
in  formulas (0 . 14)  through   (0.17).   They  are  denoted  by  the 

letter  L  with  a  subscript  and  are  defined  in  the  Appendix. 

,     3A  +  4ij   3        i''/q4   \ 
®aei~  ''3^a3"  6(\+2y)  ^3  ^yy  ,a&'^  C   ^^  ^1^ 

^T  A  4 

^^0-)=   o   a    +   ^    [T-r^(cf  o-b   ob      )+   b      b   „]+       (0    £„) 

a32        ap         2         a+2vi      yY/C'P      a3    YY  ciY   y3  2 

X+y,,2       2,,  ,        ,-/■r^3       > 

e    0  1=    A  ,  ^       (h-x-,)b  +       '(0£,) 

a31      A+ZiJ  3'    YY/Ot  ^         1' 

e    -50=   ix.,(x^-h^)  (^^L^^b      b  +Lt  _b      b  +L,  ^b      b  )+;'{Q^e^) 

a32      6    3'    3  2iJ    10    y^   Y^/Ct      17   YY    vv,a      18    aY    vv,y      '  2 


•331" 


X+JV    ^3^YY'^    ^3f^l4'^    4(X+y)    fJ^'^Yv'^YV 


(0.14) 


X. 


J.    ^     rr       _L         X(3A  +  2y)  3,  ,  ^    /- /q4       . 

■"    ^3[h5+    4(A+y)(A4-2y)    ^^  %Y^v    +    ^     ^^    ^1^ 


EV7 


20 


EL, 


yh' 


•332-    ~    X+7^  ^yy"   I+^TT  '^yv'^Yv'   X+^  '^yy'^vv"^^2~  ^4"   XT^^  ^y^Nv 
2 


+     t^^Lj 


( A+2y) 
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=  X  (S     (    .^^H       b     +r^  T   -  _    .^^  .  ^^^a    b 

-aBl      ^3    a3^E(X+2y)    '^yY      2    ^8      2e{X+u)  TT^  ^yv    yv 

o  2  ^ 

,2  X- 

"^    ^he    "    2E(X+y)  (\+2y)    J^^^yy'^vv^ 

+x-{^  b   „-   !^i^^T^^!    x?b  o+Lo(a  ob      +a      b    „) 

3      E      a3       3E  (X  +  2ij)       3    yy^ctP       2      ag    yy      yy    aB 


^       r      2Xy  ^   ^^^'^2  0 

aS2         aS    E(X+2y)       yy      X+2ij         yv    yv  13    yy    vv 


X. 


yv    yv       2  7 


^^T~   ^6      E(X+2y) 

+—^00+  L^a   „a        +   3W, „a      a   „ 
E     a3  2   a3    yy  10   ay   y3 


2 

h^]b     b      +[^  L^-  -.    ^    '^   ^^  h^]b     b  ,^  } 
■■    '      ^         ^  .2  yy    vv 


E(X+2y; 


+   ^    [      2Xy_                    +  L   H      b      +    L„b      b    „]    +         (e'^e^) 

2^     E(X+2y)       yy,a3  8    a3    yy        9    ay   y3                         2 

,                ,,2      2.  r2y{X  +  y)    ,  1    ^              , 

a31                  3      E(X+2y)       yy,a  2      30    av    yy,v 

1      T                                   K                    1      T  K 

"   7  ^31^vv,y^ya"    2    ^32  ^ay,v    ^yv 

2  2 

+    (L_,T-   L=r  -n-)  a          b  +    (L-,.-   H^  -^)  a     b     , 

33      2E   72'    yv,a    yv  34       2E      2'     yv    yv,a 

n             2  ^^2 

■^^^35~    2EU  +  2y)    j^^'^yy,a'^vv^^^36~2EYA+2y)    J^^^yy^vv,a^ 

(0.15)  +       (e^e-L) 

^3          2       2  5 

t      -„=    7^    (x^-h    )(L,^b      b  +L,,b      b           +L, -b      b,,      )+    (G    e^) 

a32      6           3         '       10    yv   yv,a      11   yy    vv,a      12    ay    vv,y'  2' 


4-  -  ru^      ^\(       2y(X+y)       , 

^    331"   ""3^^    "^3^^"    3E(X+2y)       yy,vv'^ 


+   — T-[L^_,+    q-y, . .,  V — ^  — T-]  cr       (a      b      +   Y— -T —  cf      b      ) 

72'    57       20E  (X+y)    ,2^    ojoj      yv    yv       X  +  2y      yy    vv 

x2  x^ 

„  y(3X+2y)  3,  ,  ,  .       V         3«  , 

+  f^58"    10E{X+2y)     r7^^a)a3,yv^yv^^^59"^    TTJE    TT^^yv    wa),yv 


X, 


y         3 


Xy 


X. 


■*-^^60+   Bl-  n2r>°yv,coV,a3''^^61+    5E(X+2y)     r7^%y,a3^vv. 


to 
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2  2 

X  X 

+  (L^„+  =^  ^)b  b  b  +[L^,-  ^ill^iii^t  -i.]b  b  b 
62   lOE  ^'    yv    V(a^  coy    63   40E  ( A+y)  72^  yv   yv   ojco 

+  [L^.-  .r^^,}^    .    -4]b  b   b   }  +  !■'  (e^e,) 
64   4C)E(A+y)  ,2   yY  ^^   ^^  1 


t-,„  =  (x^-h^)  ^  (b   b   +  ^-L—  b   b   )  +  /■   (e^e„)  . 
332    '3      E    Y^  Y^    X+2y   yY  ^^     '      2' 


The  relations  in  (0.14)  and  (0.15)  remain  valid  if  they 
are  differentiated  any  number  of  times  with  respect  to  x   or  x„ 
provided  that  the  remainder  term  is  multiplied  by  9/h  for  each 
differentiation  and  provided  that  sufficiently  many  continuous 
derivatives  exist.   They  also  remain  valid  if  they  are 
differentiated  with  respect  to  x^  provided  that  the  remainder 
term  is  divided  by  an  h  for  each  differentiation.   The  constant 
multiplier  in  the  remainder  term  will  also  generally  need  to 
be  changed  for  each  differentiation. 

In  determining  the  order  of  individual  terms  in  (0.14)  and 
(0.15)  one  needs  estimates  on  a  „ ,  b  „ ,  and  their  derivatives. 
Such  results  are 

a3   _  :  f    2. 

„  ^1.  ^2       d^ 
(0.16)  ^^1  "^^2 

„  ^1.  ^2       hd^ 

dX,   dX„ 

Finally  the  approximate  differential  equations  for  a  „  and 

b  o  are 

a3 
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,  -  e^ 

X+Ty  ^YY,a  ^  '^aY,Y  "^  49'^Yv''YV,a  "^  ^ZO^yy^'w  ,a 

21  ay  vv,Y     22  ay^v  y^ 
2  0^ 

^YY,vv"  4(X+y)  ^^Yv'^Yv"  Ny^vv^  ■*"  ^7  6^yY  ^^f^^vo) 
(0.17)   +L3Qa^^b^^b^^+  I^Sl^YvNv^co.^  ^82^a)AvNv-^  ^SS^YY^v^cuc. 

2  '  e^ 

+^  (L84^(.a.,YvNv+  ^85Nv,Av,a)+L86NY,co^vv,J-^^^J7  ^2^ 

,        _  3(X+2y)  1/^1^.   >^ ^   b   ^ 

\y,vv  "  2(A+y)  ^    ^^YV  YV    1+^  <^yY  vv' 

+  ^67^(.a3^YV^YV  "^  ^68%y%v^'^'^^ 

■^  ^69'^wco,YV^Y^^■^  ^70''yv^colo  ,yv"^  ^ll'^yv  ,iJ^yv  ,ui 

+  L72^YY,a)^^^v,(.  +  ^73V^vAjy 

.  96 
+  L_;,b   b   b   +  L_cb   b   b    +    (-^5-  £-.)     . 

74  Y^  Y^  "J^f^    75  YY  ^^  ^^^       k^   1 

(0.16)  and  (0.17)  are  valid  at  all  particles  on  the  middle 
surface  which  were  in  a  circle  on  the  undeformed  middle  surface 
with  center  at  (x,,X2,0)  and  a  radius  depending  on  the  strain 
energy  density  function. 


_  IL 


2 

If  e,  <  h  /D   and  max  le..T|   <  —^  e^  ,    then 
1   —       ^  '  ij2 '   —  ,  J  1' 

2       4 

e=^e'^<\,e=^,    and  d  =  e„D.   Using  these  with  (0.16)  , 

^   h   -^  ~  D  " 

we   see  that  (0.17)  becomes 

h^ 

X 
A+2y       YY/Ot  CXY,Y 

2 

+h^(L„-b      b  +L„.b      b  +L^pb      b     ,      )    =   ,'    (!]L.  e^j 

23   YV   Y^/Ct      24    YY    "^^fCt      2  5    aY    vv,y  n^      ■'■ 

(0.18) 

a  =    /.t^^v     (b      b      -   b      b      ) 

yy  ,vv        4  (A+y)         y^   Y^^        YY   ^^ 

2 

+h^(L„.b  b      +L„^b  b  +L„^b  b  )+       (^  £?) 

84    a)(jJ,YV    Y^      85    y^/^   Y^^,w      86    YYffJ^   vv,aj'  74      1' 

,  3(A+2y)     1       ,         K        ^         ^  K      N    ^       -  /h"^         X 

Ny,vv   =   2(X+y)       ^    (^vNv   +   XTTy    ^y^v^    +    ^     ^^  ^1^ 


Similar  modifications  will  also  result  in  (0.14)  and  (0.15). 

2  2 

If  e^  <  ^  and  e   <  ^L-  /gT  ,  then  9  =  ^  and  d  =  e„D. 

If  we  use  these  in  (0.17) ,  the  first  equation  does  not  simplify, 

but  the  last  three  equations  become 
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(0.19) 


A+2\i      YY/0'      otYfY      19    Y^    Y^/Ct      20    yY    vv,a 

21    aY    vv,Y         22    aY,v    y^  t^^      2 

c^  =    A  r\  ■    \     (b     b      -b     b      )    +   L_,a  a 

YY/VV         4(A+u)  Y"^    Y^      YY    '^^  76    YYf^^^      "^^^ 

+L__a  a  +L_r,a  a  +L_„o  a  +,'  (— :-  e-) 

77    Y^/'J^   Y'^f'^      78    YYffJJ   vv,to      79    Y^/^   Y'JJf'^  Vj^      2' 

,  _    3(X+2y)     1       ,         K         J.      ^  K      ^ 

^YY,vv    -    2(X  +  u)       ^    ^""yv    YV         XT^  "^YY    vv^ 

72      65    yiii   wv    vy      66    y^    Y^    ^^      67    ww   y^    Y^^      68    YY    ^^    ^'^ 

+   L_„a  b      +L_^a     b  +L_-,a  t  +L_„a  b     , 

69    coto,YV    Y"^      70    y^    coco,y^      71    y^  ,m   J^  ,^      72    YYf^    vv,w 

Various  other  simplifications  are  possible. 

As  a  buckled  plate  approaches  the  unbuckled  but  strained 
configuration,  we  have  e,  -*■  0  and  b  ^  ->  0  provided  that  the 
horizontal  displacements  are  even  functions  of  x^  and  the  vertical 
displacement  is  an  odd  function  of  x^  in  the  unbuckled  configuration. 
This  is  the  usual  situation.   Consequently,  we  see  that  all  terms 
in  equations  1  and  4  of  (0 .17)  tend  to  zero  as  the  plate  unbuckles. 
This  is  an  imporvement  over  the  corresponding  results  obtained  in 
[1]  where  the  one  strain  parameter  approaches  a  positive  limit 
as  the  plate  unbuckles  and  consequently,  in  some  equations  the 
error  estimate  does  not  go  to  zero  but  all  other  terms  do.  It  has 
not  yet  been  determined  whether  similar  vacuities  can  occur  in  the 
results  presented  here. 

The  author  wishes  to  acknowledge  and  express  appreciation  for 

valuable  discussions  with  Professor  F.  John  on  the  results  presented 

in  this  report. 
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1 .   Formulation  of  the  Theory 

Since  the  strain  energy  density  function  W  is  an  analytic 
function  of  the  invariants  s, ,  s^,  s,,  we  can  write 

A   2  2       3 

(1.1)  W  =  2"  s,  +  IJS2  +  W.s^  +  ^h^i^2    "*"  W3S2  +  W4S-, 

where  X    and  y  are  the  Lame  constants  defined  in  (0.13)  and 
^ -I  r   ^^9/  ^of  ^'4  ^^^   analytic  functions  of  s,  ,  s~,  s^. 
From  (0.3)  it  follows  that 

(1.2)  t.  .   =  =-  (77 0.  .  +  z  77- —  e.  .  +  i  T^ —  e .  1,  e,  .)  , 

ij      E   3s,   ij      3S2   ij      9s^   ik  kj 

From  (0.5)  we  obtain  the  following  in  which  the  first  line 
is  a  definition: 

p..   =   2e.,t,  .-=rO-- 
'^ij        ik  k]    E   ij 

(1.3) 

t. .  .  +  p. .  .   =   0 

Making  the  definitions 


r...   =   e.,  .+e.,   .-e.., 
ijk       ik,i     ik,j     ijfk 

(1.4)        {g'-h    =   (5^j  +  2  e^.)~^ 


nmp    _  „     nmr 
jn"^    k£m    ikn^    j  ilm 


^ijkJl  ~    ijn^    k£m    ikn^   ^ 


the  compatibility  conditions  are 


^■•■•^^       ^jil,ik  "^  ^ik,jil   ^ij,k£   ^k£,ij  "  ^ijkil  * 


(1.1)  and  (1.2)  yield 
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(1.6) 


t..    -   =-    (Ae,  ,6..    +   2ije..)    +    z .  . 

1  2  °^^^1  ^^2         2    ^^3         3    ^^4 

^ij    =   E     [(W2S2  +  3W4S^+S3    ^  +s^S2    g^  +S2    ^  +s^    d^^  hj 

9W^        aw^    2  3^3    3  ^^4 

+  2e.  .  (W„S,+2W_S~  +  S-,  -^ +S,St  t^ +3^  yr—-    +S-.      tt-—) 

ij   2  1    3  2   3  dsT    1  2  9s2    2  3S2    1  3s2 

9W^        gW^    2  3^^3    3  ^^^4 

+  3e  .,  e,  .  (V!   +S-,    7s +St  s^  tt——   +S-,  •5——  +s,  ^z— )  1 

ik  k]   1   3  9s-    1  2  3St    2  ds^    i  ds^ 

The  first  equation  in  (1.6)  can  be  inverted  when  the  strains 
are  near  zero  (i.e.  when  e_  is  sufficiently  small)  giving 

(1.7)        e..=§-(t..-  ,.,  j^^   t,  ,  6  .  . )  +  r .  . 
^    •    '  xj         2)1    1 J    3A+2y   kk  13'     13 

where  r. .  is  quadratic  in  the  stresses  with  coefficients  depending 
on  the  stresses. 

Letting  T  =  t,  ,  ,  the  compatibility  conditions  (1.5)  can  be 
expressed  in  terms  of  the  stresses  as 

^jJi,ik  "^  ^ik,j£  "  ''^ij,k£  "  ''^k£,ij 

(1-8)   -  3lW  ^^ik^ji^  -^  ^3^'ik  -  ^kil^ij  -  ^ij'kil) 

_2y       _2y,  _        _       ) 

E  '^ijkil    E  ^^j£,ik  ^  ''ik,jJl     ij,k£    k£,ij' 


Fun 


ctions  p.  .^,  z.  .^,  r. j^,  T^ ,  g^   ,  T^.^^,    c^.^^ 


■""^  .  r .  .,  .  c.  .-,  n ,,   can  be 


OJ 


introduced  in  the  same  way  that  t. .   and  e. .  ^  were  introduced, 

130J      13a) 

^•^•,^ijk£  =  ^ijk£l  ^  ^ijk£2  ^^^^^  ^ijkilo)  i^  ^^  ^^^^  function 
of  x^  if  CO  plus  the  number  of  threes  among  i,j,k,il  is  even. 

Otherwise  c.  .,  „   is  odd.   Also  T,  is  the  odd  part  of  T  and  T„  is 
ijkx-w  1  "■  z 

the  even  part.   Splitting  some  of  the  preceding  relationships 
into  odd  and  even  parts,  we  obtain 
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(1.9) 


t.  .        .    +   p. .        .    =    0 


t.  -,      =0      for      X-    =   +h 
i3a)  3        — 


®j£.co,ik  "*"   ^ikco,jil        ^ija),kA        ^kJla),ij         ^ijkJloo 
t.  .      =   J.   CAe,  ,     5.  .    +   2iie.  .    )    +    z.  . 

e.  .      =   ^    (t.  .      -    ..K      T   6.  .)    +   r.  . 
i]co        2y        1303        3A+2y      o)   i]  xjw 

jJito,ik  ikw,jil   ~      ija),kii  ~      kilto,ij 

_    .■  ^,       (T       .,6.„+T       .„6.,-T      ,„6..-T       ..6,0) 

E   ^ijkilo)        E    ^^jJla),ik      ^ikto,jJi      ^ijw^kil        kilu3,ij^ 


It  is  easy   to  write  equations  (1.9)  from  the  corresponding 
previous   relations  since  they  are  linear  in  the  symbols  exhibited. 
Next  we  split  nonlinear  equations   such  as  (1.6)   into  even  and  odd 
parts.   This  will  be  accomplished  through  several  steps. 

Let  t  ,  e  ,  p  ,  c  ,  z  ,  r   (oa=l,2)  denote  the  sets  of  functions 

{t.  .  },  {e.  .  },  {p.  .  },  {c.  .,  „  },  {z.  .  },  {r.  .,  }  respectively. 

Let  a,,a„,...,a,  denote  any  sets  of  functions.   Then 
n,   n       n, 
a,   a    ...  a,   F  (a  ,  a„  ,  .  .  .  ,  a,  )  will  denote  a  function  which 

is  a  sum  whose  terms  are  the  product  of  n,  elements  of  a, , 

n^  elements  of  a„ ,  ...,  n,  elements  of  a,  ,  and  a  coefficient 

which  is  a  function  of  the  elements  of  a, ,3- , . . . ,a,  .   We  will  use 

n,   n„     n,   n„ 
notation  such  as  (a,   a2   +  ^i   ^2  ^  F(a, ,3-)   for 

n,   n2  n,   n„ 

a,   a2   F(a,,a2)  "*"  ^1   ^2   F(a,,a„).   Notice  that  meaning  has 
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not  been  given  to  F  itself  so  it  is  meaningless  to  ask  if  F  is 

the  same  wherever  it  appears . 

We  can  write  s.  -   s.      +  s. ,  where  s.   is  an  even  function  of 
1     le     xcp        le 

X-,  and  s.  ,  is  an  odd  function  of  x^.   From  (0.12)  we  obtain 

^le   ~    ii2 
^l(p      "   ^iil 


(1.10) 


^2e  "  ^ijl^ijl  "^  ^ij2^ij2 

^2<p  "  ^^ijl^ij2 

^3e  "  ■^^ijl^:ikl^ki2  ^  ^ij2^jk2^ki2 

^3(})  "  ^ijl^jkl^kil  ^    ^®ij2^jkl^ki2 

Following  the  above  procedure,  the  subscript  e  will  always 
denote  the  even  part  and  the  subscript  cj)  will  always  denote  the 
odd  part. 

Since  s.,  =  e,F(e,,e2)   (i=l,2,3),  the  same  will  also  be  true 
for  any  analytic  function  of  s, ,  s~,St.   Thus,  for  example, 

^1(()  "  e^F(e-L,e2). 
From  (1.6) 

^ijl  =  (eJ+e^e2)F(e^,e2) 

2      9 
(1.11)  '^^2  =    (^1  ■"   ^2^    F(e^,e2) 

^ijl  =  F  (^^kkl^ij  +  2ye.  j3^)  +  (e2+e^e2)F(e^,e2) 

^ij2  =  k    <^^^kk2^ij  +  2iie.  .2)  +  (ej+e^)  F(e^,e2) 

The  last  two  lines  can  be  inverted  when  the  strains  are 
sufficiently  near  zero  (i.e.  when  9  is  sufficiently  small) 
to  obtain 
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(1.12) 


Sub 


(1.13) 


^ijl  =  ^1  F(t,,t2) 
^ij2  =  (V^l^  F(t^,t2) 


stituting   into  (1.11)  for  "z- ■  ■    ,      we  have 


^ijl  =  (tJ+V2)F(t^,t2) 
^ij2  =  (t?+t2)  F(t^,t2) 


From  (1.9) 4, 


and 


T   =   3A+2y       _!_ 

0)       E      kku)     kko) 


T   —  z 
ijo)        2y        ijo)  ij      3A+2y  ijco 


Therefore  from  (1.9)  , 


AE         g    _   E 
ijco    2y  (3A+2y)   kkw  ij    211  ijoo 


and  from  (1.13) 


(1.14) 


r.  .,   =   (t2  4-  t^t^)  F(t^,t2) 
^ij2  =      (^2  +  t^)  F(t^,t2) 


From  (1.1)  and  (1.12) , 

|w^  =  (e2  4-  e])    F(e^,e2)   =   (t^  +  t^)  F(4,t2) 

i.  W^  =  (e^e2+e^)  F(e^,e2)   =  {t^^+t^t^)    F(t^,t2) 

From  (1.3)^, 

p..,  =   2e.,,t,  .-  +  2e.,„t,  .,  -  =rW,6.. 
^^i^l        ikl  k]2      ik2  k]l    E   <})  ij 

p..~  =  2e.,,t,  .,    +2e.,„t,.o-=rW6..  . 
'^ij2      ikl  kjl       ik2  kj2    E   e  i] 
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From  these  we  obtain 

Pijl  =  (hV^?)  F(t^,t2) 
(1.15) 

Pij2  -    ^^l^^l^    F(t^,t2) 
From  (1.4)2, 
(1.16)  g^^    =    6.  .  -  2e.j  +  4e.j^ej^.  -  Se.^e^^e^.  +  ... 

when  the  strains  are  sufficiently  near  zero.   Again  this  holds 
when   9-   is  sufficiently  small. 
Using  (1.12)  we  have 


(1.17) 


q^'^        =   e^F(e^,e2)   =   t^  F(t^,t2) 

4^         =      6ij  +  F(e^,e2)   =   6.^  +  F(t^,t2) 


For  any  set  A  of  functions  of  x^  ,  x„ ,  x-.   let  A'  be  the  set 
of  all  first  order  derivatives  and  let  A  be  the  set  of  all  first 
order  derivatives  with  respect  to  x,  and  x„ .   Since  A  and  A'  are 
sets  of  functions,  the  preceding  definition  defines  A,  a' ,  a"  etc, 
We  will  also  use  the  notation  A  _   for  the  set  of  all  first 
order  derivatives  with  respect  to  x-  of  functions  in  A. 

From  (1.4)  we  obtain 

r      =   e     .  +  e      —  e 
ijkw       jko),!     iku),j     ij(jo,k 

_  p     ,  nm   p        nm   „     . 
^ijk£l  "   ijnl^*^   2   k£m2    ^1  ^kiiml' 

,  p     /  nm   T-,      ,   nm   r,     > 
■*'^ijn2(^   1  ^k£m2  +  ^   2  ^kilml^ 

P     ,  nm   p        nm   p     , 
"  iknl^^   2   j£m2    ^   1   j£ml' 

(^•1«)  -^ikn2(g%  ^j£m2  "^  ^'"2  ^jilml^ 
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_  „     ,  nm   p        nm  y  . 

^ijkii2  "   ijnl^^   1   k£m2    ^2   k£ml^ 

,  r     /■  i^n\   p      ^   nm   p     V 
+  ^ijn2^^   1  ^kilml  +  ^   2  ^kilm2) 

p,     /  nm   p        nm   p     > 
"  iknl^^   1   3£m2  "^  ^   2   ]£ml' 

p     ,  nm   p      ,   nm   p    , 
-^ikn2^^   1  ^jJlml  ""  •?   2  ^J5,m2^ 

From  (1.18)  and  (1.17) 

^ijkU  =  t^^)'  +  ^1^2  +  4(t^)']  F(t3^,t2) 
(1.19) 

^ijkO  =  [(4^'  -^  ^1^2  ^  (^2)'^  F(t^,t2) 
In  (1.20)  v/e  have  relisted  some  of  the  previous  results. 
Each  equation  of  (1.20)  contains  one  or  more  sets  of  functions 
on  the  left-hand  side,  and  the  form  of  a  function  is  shown 
on  the  right-hand  side.   The  equations  mean  that  any  function 
in  one  of  the  sets  on  the  left-hand  side  is  of  the  form  shown 
on  the  right-hand  side. 


(1.20) 


Pl'^1'^1  ^    ^l^^l'''^2^  F(t^,t2) 
P2'^2'^2  =  (^l"'^^  F(t^,t2) 
^1  "  f^l^^l'^^2^  "^  ^1^2^^  F(t^,t2) 
C2  =  (t|+t2)^  F(t^,t2) 
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2 .   Relations  Between  the  Derivatives  of  the  Stresses 
Let  a    (k=l,2,...;  oj=l,2)   be  the  set  of  functions  of  the  type 

K.UJ 

3^t.  . 

3x,  3Xp  3x-. 
such  that  k-=0;  or  ^2~^   ^"^^    (ifj)  =  (a, 3)  or  (3,3);  or 
k^  is  even  and  (i,j)  =  (a, 3)  or  (3,3);  or  k^  is  odd  and  (i,j)=(a,3) 
The  various  cases  are  not  mutually  exclusive. 

Let  b,   (k=l,2,...;  co=l,2)  be  the  set  of  all  functions 

a'^t.  . 

9x,  9x2  ^^-i 
with  no  restrictions. 
We  next  show  that 

a,      =   t      +   p 

IcO  03  ^iXl 

•  I 

bi       =    {t    o       -,}    +    t      +    p 

^    ^    ^  a,      =    ;('^)    +   p'^'^^    +   r'^'^)    +   c'(^-2)       for  k  =  2,3,... 

koj  0)  '^  00  00  to 

.     .  {^(k-i)     }  ^  ;(k)  ^    '(k)^  ^'(k)^  ^'(k-2)  ^^^  j^^ 

ko)  a3oo,3  0)  "^aj  00  0) 

* (k)  ' (k) 

where  t^    denotes  t  with  k  superdots,   p     denotes  p, ,  with 

OJ  00  cr  I  r-jjj  i.  qj 

k  super  primes,  {t  o~  1}      denotes  the  set  of  all  functions  of 

the  type 

3^t  - 

a3ti)       . 

— R k      ' 

1    2 

3Xj^  3x2  ^^3 

Also  the  notation  a,+a2+ .  .  .+a,  ,  where  a^^ ,  a2  ,  .  .  .  ,aj^  are  sets 
of  functions,  denotes  a  function  which  is  a  linear  combination 
of  elements  of  a,,a2,...,a,  with  constant  coefficients  depending 
only  on  the  material. 
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The  functions  in  a,   are  those  of  the  types   t. .     and 

10)  1 J  CO ,  a 

t.^   T   The  conclusion  for  functions  in  a,  ,^  follows  immediately 
i3a),3  iw 

from 

^^•^^  ^i3cjo,3  ^  ~'^ia(jJ,a  "  Pijw,j 

which  follows  from  (1.9)  . 

The  only  functions  in  b,   which  are  not  in  a,  ,  are  of  the 

type  t  „   -,•   Thus  the  conclusions  is  trivial  for  b,  . 

^^        ago), 3  iLo 

Each  function  in  a^   (b^  )  is  the  derivative  with  respect 

to  X,  or  x_  of  a  function  in  a,   (b,  )   unless  it  is  of  the  form 
1      2  1(jO    ICjO 

t.  .   -,o.   Then  clearly  (2.1)  is  valid  for  those  functions  of  a^ 
ijoj,33  -^w 

and  b«   for  which  not  all  differentiations  are  with  respect  to  x^ 
zoo  J 

From    (2.2)    we   have    t.-,      _,   =-t.  ->-p--;,,    -;o. 

i3oj,33  iaco,a3  ij'JJ/j^ 

We  already  know  that  (2.1)  is  valid  for  the  functions  t.     -> 

•  II  **  II 

so  that  t„-   ,-=t   o+P   and  t,^   to  =  t  +  p,  -   This  takes 
33oj,33     o),3    ^w      33a), 33     w    ^^ 

care  of  all  functions  in  a„   and  b„  with  the  exception  of  the 

2co  2  to 

functions    t    „      _-,  which   are    in  both   a„      and  b^,  - 

ap(j0,33  2oj  20) 

Setting   k  =    ii   =    3    and    j    =    i    and   summing   over   i    in    (1.9),, 
we   obtain 


(2.3) 


rn  _      3X+2y        |-2^  _       ^  ^  ^  rp 

o),33        \   +2y    "■      i3aj,i3  33o),ii         3X+2y      oi^aa 

E    ^^ii33o)  ~    ^^1300,13   "^   ^iiaj,33   "^   ^33o),ii^  ^     * 


Setting  i  =  a,  j  =  B,  k=  I  =    3  in  (1.9),  /We  obtain 

ago), 33     330), a3   ^a3o),B3    33a), a6   3A+2y^  a),33  a3   a),a3' 
(2.4) 

~E"^^a633a)~  ^33a),a3~  ^a3a),  33'''^a3a),  33"'"^33o),a3^ 


.22  _ 


(2.3)  tells  us  that  T   -^  is  a  linear  combination  of  certain 

oj,  33 

functions  in  a_   and  functions  of  the  types  c.  .,  „    and  r.  .   ,  „. 
2  CO  i]Kx,a)        i]OJ,Kx, 

The  functions  from  a„   involved  are  those  for  which  we  already 

2to 

knov  (2.1)  holds.   Thus  T   _,^  is  a  linear  combination  of  functions 

CO  ,  J  J 

of  the  types  t..    n',    P-  ■      t  n'l    ^-  ■      io;c..,„,. 

(2.4)  tells  us  that  t  „   .^  is  a  linear  combination  of 

^  a(3co,33 

certain  functions  of  a-  ,  of  T  ^^,    and  of  functions  of  the  types 

c.  .,  „   and  r.  .   ,  „.   The  functions  from  a„   involved  are  those 
ijklui  ijco,kx,  2co 

for  which  we  already  know  (2.1)  holds.   Combining  this  with  our 
information  about  T   ^ -. ,  we  obtain  (2.1)  for  t^o,,    ot   This 
completes  the  proof  of  (2.1)  for  k  =  2. 

For  k  >_  3,  (2.1)  follows  by  induction  in  a  similar  manner. 
If  it  is  true  for  some  k,  each  function  in  a,,_j_-,.   ^^(k+l)co^  """^ 
the  derivative  with  respect  to  x,  or  x„  of  a  function  in  a,   ('-'vm^ 
unless  it  is  of  the  form  3   ^i-aj/^^3   *  '^^^^    (2.1)  is  valid 

for  those  functions  of  a,,  ,t>   and  b  ,,  ,,.   for  which  not  all 

(k+1)  00       (k+1)  CO 

differentiations  are  with  respect  to  x^.   We  then  obtain  (2.1) 

k+1        k+1 
for  functions  of  the  type  3    t. .  /3x^   by  differentiating 

(2.2),  (2.3)  and  (2.4)   with  respect  to  x^  the  appropriate  number 

of  times. 

Next  we   shew    that    (2.1)    leads    to 

^kl    =    ^1^^       "^     [t-L(t^+t2)    F(t^,t2)]  '^^^ 

a^2    =    ^^^     ^     t^^H^     F(t3^,t2)]'(^) 
^    '    '  -(k-l),    ^   :(k)    ^    ,^    ,^   ^,    ,    ^,^      ,    M'(k) 


^■ki  -  KTiy  ^  H     +  [t^^Vt^)  F(t^,t2)] 

^k2    =    ^^(^2!3>    ^    ^1'^    +     [(^1+^2)    F(t,,t2)]' 
which    is   valid   for   k=l,2,3,...    . 


(k) 
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The  expression  [t  (t^+t^)  F(t, jtj)]      should  not  be 
interpreted  as  a  kth  derivative  of  a  function  of  the  type 
t, (t,+t„)  F(t, ,t-).   It  indicates  a  function  of  the  type  obtained 

if  one  differentiates  formally.   Thus  [t, (t,+t„)  F(t, ,t2)]' 

I       I 

indicates  a  function  of  the  type  [(t, +t_)ti  +  t,  t„]  F  ( t^  ,  t^) 

rather  than  the  derivative  of  a  function  of  the  type 

t, (t,+tp) F(t, ,tp) .   With  this  notation,  for  example,  the  third 

and  fourth  lines  of  (1.20)  become 

c^  =  [tj^(t^+t2)F(tj^,t2)  ]" 
C2  =  [(t2+t2)F(t^,t2)]"   . 

(2.5)  now  follows  from  the  above,  (1.20)  and  (2.1)  . 
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3.   Proof  of  (0.10)  and  (0.11) 


Let 


(3.1) 


r  =  /(x^-x^)  +(x^-x^) 


"2   2' 


Ck(r)  =  ; 


f  (1-  L^.)  2   for   0  <  r  <  df 


Cj,(r)  = 


for  k  =  0,1,2 


for   r  >  d 


^2k-4  2 
2     r 


^%or  0  <  r  <  -^\ 


f°^  ^  i  P?IT 


'-  for  k  =  3,4, 


Then  we  have 


(3.2) 


C: 


(i  /c)  =     •  (^) 


(iy)   . 
d 


The  notation  B  =    (C)   will  always  mean  there  is  a  constant 
K  depending  only  on  the  material  and  on  universal  constants  such 
as  the  value  of  k  in  (3.2)  such  that  |b1  ^k|c|.   In  (3.2)  the 
constant  k  is  actually  independent  of  the  material,  however. 
Also  for  a  finite  set  A  of  functions,  let  [a]   be  the  sum  of 
the  squares  of  the  functions  in  A  and  let  1a|  >  0.   This  sdefines 


and  I  Ci^l  in  (3.2)  . 


Let 


A 


f  f 


A 


dx,  dx„  dx^  where  A  is  a  finite  set 


of  functions  and  the  integration   is  over  the  set  where 
Ix^l  <_  h  and  c,      /    Q .      We  let 


(3.3)    Ak,  =  Ikk^k 


OJ 


B 


k(jj 


I  l^k'^ku)!  Ik   (k=l,2,...;  03=1,2) 
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If  A  is  any  finite  set  of  functions,  we  have  (see  Appendix 
of  first  paper  of  [1]) 


(3.4) 


V,3 
Jk^'l 
V,3 


(g-l  |a||]^)+  o(d|  Uj^A 

'd 


'k"",33 
+h 


V,33 


^M 


|a|  I^)    +    o(^    I  Uj^A^33 


d    1 

Vllk  = 


k' 
.)    +   o( 


IIJ 


^k^l 


.) 


( 


VAll^   = 
^k^,3^,3' 


[A( 


lA|  1,^)     +    o(|  Uj^A" 


k' 
J] 


V,3 


/h 

"a"  ^k 


k 

A|    = 


VI  Ik  ■*■  ^  11^ 

"k-^ll^l 

k^  ^  ll^llk^ 

lA||,.^lk,A|l,.    ^ 

Ik  ^  TT   ll^llk^  77   IIV 
d  d 


[A(iUj^A^33 


[A (I  Uj^A" 


.) 


)] 


^k'^,33 


where  A  is   an  upper  bound   for   the   absolute  values   of   the   functions 
in  A. 

The   notation   B   =    ,     (C)    +   o(D)    means    for   each   constant   k   >    0 

there    is    a  k    >    0    depending   only   on   the   material   and   on   k   such   that 
|B|<K|c|+k|D|.      In    (3.4)    K    is    independent   of   the   material, 
but   this  will   not  be   the   case    in   later   uses   of   this   notation. 
We   now   show   that 
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k  CO 


K  =  (^  h 


:(k-2) 


(Jj 


k  -^  h  N^.P 


•  -(k-l) 

k^oj 


(3.5) 


'  '  k  CO     '  '  k 


k  CO 


(k) 


^°>IU,e<^' 


K-^ 


k  w 


•  (k) 


*  fk) 
for  k  =  2,3,...  where  A^  '  denotes  A  with  k  super  dots, 

^'•(k-1)  (jgnotes  A  with  one  superprime  and  k-l  super  dots,  and 

A     denotes  A  with  k  super  primes. 

We  will  prove  C3.5)  for  k  =  2.   The  same  method  is  valid 

for  all  k.   First 


c^    t.  .         o    e.  .         o    d^T    ^^o    ^'^-i 
^2      x]OJ,aB      i3C0,a3         12         3 


^2    ^ija),a3^^jBa3,ia+   ^iaa),3j"   ^a3(o,ij"    ""ijagco^    dx^dx2dx3 

Co  t .  .    o  (2e .    „.-eo   ..-c.n)  dx,  dx^  dx, 
2   i](jJ,a3    iaco,6]     a3w,i]    i^agco     12    3 


using  (1.9)^  and  t. .   =  t..    where  the  region  of  integration 
is  such  that  Ix^l  <_  h  and  c^  t^  ^ . 

Using  the  divergence  theorem,  (1.9),,  and  (1.9)2,  ^''^  obtain 


Co    t. .         o    e. .         „    dx,    dx_    dx, 

J       2      ijco,a3       ijco,ap         12         3 

2  2 

^^2    Pijoj,ja3^^^iaoo,3~^a3co,i^    "    ^^2^  ,Y^iYW  ,a3  ^^^iaco  ,3"^a3co,  i^ 


Ct    t. .         „    c. .    o    ]    dx,    dx^    dXo    . 
^2      ij(jj,a3      i]a3co  12         3 

Similarly 

2 
(r_)         t.  o    ^   o       •    dx,    dx^   dx, 

^^2'  ,Y      iYW,a3      a3(jo,i         12         3 


=      \\\     [^^^,Y    Pyi^^iaB    ^a3(.   -^^2^YV    ^Ya),a3    ^a3J    ^^1   ^^2    ^^3' 


J2.1  - 


Thus 


J  J 


^„    t. .         o    e. .      o      dx,    dx„    dx- 

2      i](i),a3      ijoo,3  12         3 


'III 


2  2 

^^2   Pijoj,  jaB^^^iaa),B~^ae(iO,i^~    ^^^2^,y    ^iYto,a3    ^iaa),3 


2  2  2 

+    (C-))         P    •       •     „e    „   -(Co)         t  nS    „    -Cnt.  .         „c.  .    o    ]dx,dx^dx-, 


_    fff  2  2 

-   JJJ     f"^2Pijco,ja^^^iaa),B6~^a6a),i3^"^^2^  ,3^1  jo),  ja  ^^^iaco,B~®aBaj,i^ 


2  2  2 

2^^2^  ,Y^iYW,a3^iatiO,3~^^2^  ,Y^Yiw,ia   ^a3aj,  3"  ^^2^  ,Y3PYi'^r ic^ctB 


(jj 


2  2 

-    (?t)         t  oe    o   -Cot. .         „c. .    o    ]    dx,    dx„   dx^ 

^2    ,yv   VYw,a3   a3a)      2    i]a),a3    ijagw  12         3 

using  the  divergence  theorem  again.   This  yields 


2 

Co  t.  .    D  e.  .    r,    dx,  dx„  dx- 

^2   i.]a3,a3   i]co,a3    12    3 


..■'<   rd 


n  d 


^oM\,,eJ\l   .    \\i,ej\l)    .    Mc^tJI^] 


d' 


where  we  have  used  (3.2)  and  h/d  <_  1 
Using  (3.4) ^  and  (3.4) g. 


2 

Co    t. .         D    e. .         „    dx,    dx„   dx- 

^2      ija),a3      i]aj,a3         12         3 


I  I T    +     11 5_c    I  I t) 

CO '  '  2  '  '  ^2    0) '  '  2 


=    ':<r7li';2P:il2*TT   II- 

n  d 

-adU^tJI^^    Il?2ijl2*^   IU2<ll2'     • 

d 

From    (1.9)., 
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>  2ii  i"  |2  ^  ^        g 

—  E  '  (jo  '      ija),a3   ijco,a3' 


so  that 

le  1^  =  ^  (t.  .    „  e.  .    ^  +  |z  1^)  +  o(|e'  |2 
and 


From  (1.9)  4  we  also  have  |  t^  |  ^  =  O  ( 1  e^^  |  ^+ I  z^^l  )  • 
Combining  with  the  above,  we  have 

so  that 

ll?2^Jl2  =  ^<S  II^2P:1I2  -  ir  ll-JI^II?2=Jl2+ll«2'^Jl2' 

h  d 

a 
which  gives  (3.5)  with  k  =  2. 

From  (1.9)3, 

e   =  t  +  r 

0)      00     CO 

Using  the  above,  (1.20),  and  the  fact  that  (1.20) ^  and  (1.20)^ 
can  be  written  as  (see  end  of  Section  2) 

^1  "^  [t-L(t^+t2)  F(t^,t2)  ]" 
C2  =   [(t^+t2)  F(t^,t2) ]" 
we  can  rewrite  (3.5)  as 
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1 1  vf  ^  I  ik=  • '  ^y  1^1^"'^  I  ik-^  y  I  [ti(vt2)F(t^,t2)  ] ' 


(k-2) 


+   ^lUkCICVt2)t;+t3_t^]F(t^,t2))-^^-^^ 


k 
• (k)  I  1    i^„,h|  I,    ^. (k) 


(3.6) 


iu,t<«ii,=ni^iitf-^'ii,.i^iit(t^t^.F(t,.vr<^-^> 

d  d 

which    is   valid   for   k   =   2,3,...     . 

Combining    (3.6)    with    (2.5)^   and    (2.5)2, 

^kl=<--    ^^11  tf  "'^  '  'k^   i^"  tti(Vt2)FC4,t2)  ]  '  ^^-'^  I  I  3, 

+   ^    I  Uj^([(t3^+t2)t|+t3^t2]    FCt3^,t2))  -(^-^M  Ij^ 

+    |U^[t^(t^+t2)F(t,,t2)]'^^Mlj,}    +    o(^Bj^i) 
C3.7) 

^k2  =6'^  TT  Ntf-^Ml,.  i^ll[(t2.t^)P(t^,t2)]'^^-^Ml, 
a  d 

+   ^    I  kk[(Vt2)  (t|+t2)F(t3^,t2)]*^^"^^  I  Ij^ 

+    |Uk[(tJ+t2)F(t3^,t2)]'^^Mlk>    +   o(^  Bj^2)     ' 

which   is   valid    for   k   =    2,3,...     . 
From    (3.4) ^Q, 
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'  '  k   a3w,3  '  'k    -   hd  '  '  a&(^         '  'k   h  '  '  k   apoj  '  'k 

d  '  '  k   agoj,  33  '  '  k 

'-•  hd  '  '  0)     '  '  k   h.  kw 

where  {t  „   '-,}  denotes  the  set  of  all  functions  of  the  type 
apw, 33 

k    k2   2 
8  t   /9x,  9x„  3x_,     (o)  =  1,2)  ,  etc.   Combining  this  with 

{2.5)3  ^^^    (2. 5)4 

^kl=  '  Ul  l^f"'^  I  Ik^  K   ^l^NCj,  [t,(t,.t2)F(t^,t2)  ]  "  (^M  ^} 
(3.8) 

which  is  valid  for  k  =  2,3,...  . 
Next  we  show  that 

^3-^)    ^£.   =      ■    ^^)     '       ^£.    =  (71^^     '        (^=1'2...;    03=1,2). 

d  d        /h 

From    (1.11)3,     (1-11)4'    ^'^'^    (0.9), 

(3.10)  It^l    =  ;''    iej  (a)=l,2)  . 

From    (3.4),     (3.9),    and    (0.9), 

.    .  ..  e^/K  e ,  /H" 

ll^2Vlll2=      '    (^111^24112+    ~^)     =  (^1^21+-^) 

e^d  e^d 

|U2t;t;||2=    ,-(SilU2<ll2+    ^)     =   ■'    (^iB2i+    ^) 

(3.11)  2    _  2 

11^2^2^2112=    ■'    (^2!  1^2^2112+    ~^^     =       '(^2^22+    -TT^) 

d 

,     ,  e^d  /FT  e_ 

ll?2^24ll2=  ''^  (^2!  1^2^2  112-^  ;;7^)  =    '  ^^i^ii"  -^^ 
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Next  we  look  at  the  expressions  appearing  in  (3.7)  and  (3.8) 
We  list 

([(t^+t2)tj+t^t2]F(t^,t2)) * 
=  [(t^+t2)t^+t^t2+(t^+t2)tj^+t^t2+  t^(t2)^]  F(t^,t2); 


[tj^(t^+t2)F(t^,t2)] 
(3.12)  ^  [(Vt2)V4t2+(t;+t^)t;+t3^(t')2]  F(t^,t2); 
[(t^+t2) (t|+t2)F(t^,t2)] * 


•      • 


=  [(t^+t2)  (t^+t2)  +  (t^+t2)  (tj^+t2)]F(t^,t2)  ; 
[(t^+t^)F(t^,t2)]" 
=  [(t^+t2)  (t^+t2)  +  {t'^+t'^)^]    F(t^,t2). 

From  (3.12),  (3.10),  and  (0.9), 
([(t^+t2)t|+t^t2]F(t^,t2))  *  I 

^1  d,;  ,2   ^2  h|.  '12,  ^2  d,:  ,2^   ^1   h ,  ^  •  ,  2^   |..'|2, 

+  ^  hi^2i  +  iY  dl^l  +  ^  h'^il  -^  ij  jl^l  -^-^I'^l  1 

[t^(t^+t2)F(t^,t2)]"| 

=  c:.e^it;i.e,it^Kit;i^!i|t;i^.^it;i^.  .jt'i^i 

[(t^+t2)  (t|+t2)F(t^,t2)]  '  I 

=  :il9^|t3K(.,.e,,  It^K  h|,;|2,  d|;^|2,  h|^.|2,  a|-^|2, 

[(t2+t^)F(t^,t2)]"| 
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From   the   above,     C3.ll)    and    (0.9), 

I  |C2C[tt^+t2)t]^+t^t2]    F(t^,t2))     II2 

.  2  h/h   £,  , 

•  =   (0[Q   B21  +  e^B22  +  ee^  A21  +  —-2 +  e^  ^  A22] 

a 

I  \^2  tt3^(t^+t2)F(t^,t2)]"|  I  2 

.-.      2  "^^  ^1 

=    /:v[e    B23^   +    e^B22    +   -^—1 

(3.13) 

I  U2  t(t^+t2)  (t^+t2)F(t^,t2)  ]  *  I  I2 

=    6  [9^322+    (£^+£2)321+  ^  e^A2i   +    e^e    A22+   ^  e^] 

a 

I  U2t(tJ+t^)F(t3^,t2)]"|  I2 

=    l'  16^^22    +    Ce^+e2)B2i   +   —^  ] 
SubstitTiting    (3.13)     into    (3.7)    and    (3.8) 

^21   =   C     [-A  ^    Qo^^21   +   F  ^1^22    +    ^0^21    +    ^1    ^  ^22]+°(a^2l) 

/E"e  J  ,2  _  , 

^22    =    C    f-^  +    9o^^22    +   E-(^l+^2)^21+   ZT  ^1^21+^0^22^  ^°  ^3^22^ 


(3.14) 


^21   =   O   (^  +   ^  ^21   +    ^0^21   +    ^1^22^ 

^22    =    C    l-^  +    E  ^22    +    ^0^22    +    (^1+^2)  ^21^ 
(3.14) .    has    the    form 

^22    1  ^[^  +   E  ^22    +    ^0^22    +    (^1+^2)^21^ 

where      k    >_  0    and   can  be   chosen   to  be   independent  of    0^.      Thus 

2 

if  we  pick  0„  so  that  k9»  <  1/2   we  have 
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Substituting  this  into  (3.14)  and  using  (0.9)  gives 

^21  =  r'  t^^  +  ^0®^21+  ^0^21+  ^1  7J   ^22^-^  °(^  ^21> 

n 

i/h    £  2 

^22  =  (-'^-d^   -^  ^  f^l+^2^^21+r7  ^1^21  +  ^0^221-^  °(^22) 
(3.15)  ^ 

^21  =  C    [^  +  F  ^21  -^  ^^21  -^  ^1  ^  ^22^ 

^22  =  ('^^   H-^22  -^  ^^1-^^2)^211  • 
(3.15)2  has  the  form 

/E  £9    d  d^  2 

A22  1  K(k)  [— ^-  +  ^   (^1+^2)^21  -^  72-  ^1^21  +  ^0^22^  +  ^^22 

h 

where   K(k)  >_  0   and  can  be  chosen  to  be  independent  of  9q. 

Therefore 

A22  1  2k  (i)  [-^  +  I  (^1+^2)^21  -^  77  ^1^21  -^  ^0^22^  • 

h 

2 

For  2k  (1/2)9-  <_  1/2,  this  becomes 

,   /E  ^2    d  d^ 

^22  1  ^^(j)  ^~^r-   +  h  (^1+^2)^21  +  72-  ^1^21^  • 

h 

Siabstituting   into    (3.15) 

/F  e,  2  h 

^21    =  '-   f-^  +    ^09^21   "■    ^0^21^    -^    °(?  ^21^ 


(3.16) 


/ItT  £2        d  d^ 

^22  =  C-t— g—  +  K  ^^1+^2)^21  +  ;7  ^1^21^ 

h 

^21   =   -^  i~  +   E  ^21   +    ^0^21^ 

^2        d^  d^ 

^22   =   t     [—  +   -2"   (^1+^2)^21   +   ;3  ^1^21^     • 
•h        h  h 


-34- 


•  ^1    d 
(3,16)-,  gives  B„,  =  /'  ( —  +  j-A^,).   Substituting  into 
3         21       ^   h   21 

C3.16)  yields 

/E  e^     ^ 
^21  =  -  ^—r--'    ^0^21^  +  °(^2l) 

/he-    ci^ 

H2    =  '^'^  f— a—  +  TJ    ^^1+^2^  ^21^ 
C3.17)  .  ^       ^ 

^21  =  (:'  [;^  +  E  ^2ii 

^22  =   '^;^^  fr  (^l+^2^^2J 

(3.17),  gives  A^,  =<   (/E'e,/d).   Substituting  into  (3.17) 
gives  (3.9)  for  5,  =  2 . 

Next  we  prove  (3.9)  for  ii  =  1 .   From  (3.4)   and  (3.9)  for  1=2 

I  '^l^oa'  'l  =  '  ^\\   1^0)1  'l^  +  °<^^1  1^2^0)1  I2)     [recall  that  C-^  =  L^\ 
=    .    '(£,/h  +  d  A„,  )   =  ,'■  (/h  £,  )   . 
From  (3.4)   and  (3.9)  for  1=2 

ll^ltjli   =      ■    (^    MtJIi)    +   o(d|U2tJl2    +   h|U2t^ll2) 

de  de 

=   r-  (_iii  +   dA.  ^   +   hB      )       =     .'    (-iiL_)     , 

/FT  2aj  2w  ^f^ 

Also 
[t^(t^+t2)F(t^,t2)  ]  '    =     [(tj^+t2)  t|+    t^t2]F(t^,t2) 

IU^[t^(t3^+t2)F(t^,t2)]'|  |;l   =     '    [(^1+^2)  I  k^tjl  l^+e^l  Uit2l  l^] 

=  C-   [(s,+  e2)    ^]    =   ,'(^ei) 
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[(tJ+t2)F(t^,t2)  ]  "    =    Cti+t2)  (t^+t2)FCt^,t2) 

I  |C;l  [(t^+t^)FCt^,t2)] '  I  i  =  .. '  [(£^+£2)  0  kit]^Mi+l  ki^l  li)] 

Using  these  results  in  (2.5)  with  k  =  1 ,  we  obtain  (3.9) 

with  i  =   1. 

Next  we   prove    (3.9)    with   Ji   =    3 .      From    (3.11)    and    (3.9) 

{I  =   2)       we   (±)tain 

.    .  h   /fi"  e 

d 


(3.18) 


II  /he 

2    0)    CO '  '  2  d 


For  the  present  argument  we  let 

• 

m     =  max    C  -,  1 1    I 

to  3  '    CO ' 

(3.19) 

M     =  max    C  -,  1 1    I 

From    (3.12) 

( [(t^+t2)t|+t^t2]F(t^,t2))  ** 

III  1)1        •       •  11     •       II  ....  , 

=     [(t^+t2)tj^    "'"^1^2    +(t^+t2)  t^+t-|^t2+     (t^+t2)t^ 

+t^t2    +    (t|+t2)^t|   +t^t2(t2+t^^)]F(t^,t2) 

[t    (t,+t2)F(t^,t2)  ]  '" 

(3.20) 

III  lit  I        I        II        I     II 

=    [(t^+t2)t^   "^^1^2    ■*'^^l"^^2^^l"^^1^2 
+{t[+t^)^t[    +    t^t2(t2+t^^)]F(t^,t2) 
[(t^+t2)  (t]^+t2)F(t^,t2)  ]  " 

-     [(t^+t2)  (t|"+t2")  +  (t^+t2)  (t^+t2)+    (t|+t2)  (tj^+t2) 
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+    (t^+t2)     ]    F(t^,t2) 
[(tJ+t2)F(t^,t2)] '" 
'=     [(t-|^+t2)  (tj"  +  t2')  +  (t|+t2)  (t^+t2)  +  (tj+t2)  ^]F(t^,t2)     . 

From    (3.20)    and    the   fact   that   C3   =    /■(C3C2)    ^^   obtain 
<;3l  C  [(t^+t2)t]^+t^t2]F(tj^,t2))  '*  1 
=    (^  [e^C^ltj"  \+e^i;^\t^'  |  +  (in^+m2)  ^2  1 1^  |+m^C2  I  ^2  '  ^^^2  ^  ' ''^l '"^  '  ^2  '  ^ 

C3I  [t^(t^+t2)F(t^,t2)]  '"  I 

+    J^C2^|til^+|t2l^)    +    e;Ll^2^2('^2'  +  '^2l^^^ 
C3I  [(tj^+t2)  (tj+t2)F(t^,t2)  ]  *'  I 
=    C  [{e^+e^)^^\t^' \+   e^C3|t2' |+(m^+m2)?2(It^|+|t2l) 

+    (M^+M2)  ?2  (  I  4  I  +  I  t2  I  )  +  (M^+M2)  ^  ^{\t[\^+\t'^\^)  ] 
C3I  [CtJ+t^)F(t^,t2)]  '"  I 

+    {M^+M2)?2(|t]^|^+|t2l^)]     . 

Using   the   above,     (3.9)     for    i   =   2,    and    (3.18) 
I  U3C[(t^+t2)t|+t^t2]F(t^,t2))  "1  I3 

=    0'[e'B3^+s^B32    +    (m^+m2)     -^  ^  ^i    ~  ^\    ^(^1+^2)+^    ^  ^1^ 
I  U3  [t^(t^+t2)F(t^,t2)]  '"  I  I3 
(3.21)=    /:'[e2B3^+e^B32+(M^+^)    !i  +    M,    !i   ] 
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I  \^^[{t^+t^)  (t|+t2)F(t^,t2)]  **  1  I3 

=  Q  [(£^+£2)63^   +    6^^832+ (1^3^+1112)    -±   {e^+e^)  +  (n^+K^)-^{e^+e^)] 

/h 

=   {'    [(£^^+£2)^31   +    Q^^32    "^    ^\+^)    —    i^i+^2^^     ' 
Also 

114113=    (MlUitiJii)    =   C  (^11)    =LCUKe^) 

J  1  [t^Ct^+t2)FCt^,t2)  ]  '  1  I3    =    11   [{t^+t2)  tj+t^t2]F(t^,t2)  1  I3 

=  J  (lle^it^l+e^lt'l    M3)  =(^''ce2|  Ui4lli+eilkit2lli) 

=    CnQ\^e^^2)      =    e'(^£i) 
I  lt2l  I3    =   /  (A3_2)    =    6^  (£3^^) 
I  I  [(tJ+t^)F(t^,t2)]'  M3    =l5'I  I(V^2^  (tl+t2)F(t^,t2)  1  I3 

=  (j/  {£^+£2)  (B;li+Bi2^    =    ^^    f—    (£^+£2)^]    =    (/    (^  £3)     • 

From   the    above,     (3.21),     (3.7),    and    (3.8) 

/R"  £-  de,  dE-  ■■ 

A-ai    =    c^' [ T^  +    ^nQB,,    +    (mT+in„)     — -  +m,    +M,    — (£,+£„) 

^^  d^  °      ^-^  ^      2     h/R-       ^  h/TT       ^   /E     ^      ^ 


/h   £. 

-  />"  /  

'32 


A..    =  ('  { ^+   606632   +    (£i+£2)    ^[B3i+(m^+m2)^  +(M^+M2)^]> 


/h 


(3.22) 

+    0(^632) 


^31    =  C:  ^-^  +   E  ^31    +    9^31    +    ^1^32    -^    ^^l-'^2)^^  +^1    tI^ 

^32    =  ^'"^^"^    K^32    +    90^32    +    (£1+^2)^^31+   ^^    (^1+^2)]} 
From    (3.22)^ 


£ 

'32   ~  i 


^-  =       ^tJ^""  ^''32  -^   (£1+^2)  [^31  +  7^  (M1+M2)]}. 


d/R-      "     ^^  -^     '^       ^-^       /E 
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for  6-  sufficiently  small.   Substituting  into  (3.22)  gives 

/h  e,  j2  de;       de- 

A-51  =  (5  [ 'A   +  9n0B^T  +  -^   EiAoo  +(m,+m^)  +m^    

31         d^      0   31    j^   1  32     1   2   ^^j^    1  ^y^ 

+  M^  -i  (s^+e^)  +  ^2  ^1  +  °(a-^3l) 

/he-    ?  rl  1  v/H" 

C3.23)  ^32  ='-  ^--T+^0^32+(^l+^2)  ^[B^^+ira^^m^)  -  ^  (M^^M^)  ^]}  ^oiA^^) 


,<i     u  o^     X    ^    11    ox     X    ^   /T— 

^31  =  '  t^  -^  F  ^31  ^  ^0^31  +  ^1  K  A32+(^^i+M2)  ;;|  +  ^^  ;|5 

^32  =  '-'  ^^   +  E  ^32  +  (^1^^2)  [^31^  -^    (V^)]> 
From  (3.23)2 


^     ,  /^^2  .,_._.  d  .„   .  ,   .   .   1  /h 

d^      X   ^   n    jx    X   ^   ypj- 


32  ='^-/+(^l-^^2)  ^  tB3,+  (m^+m2)  -^  ^  ^\^^)    -^  ^    for 


sufficiently  small.   Substituting  into  (3.23) 

/E  e-                    de       de 
A^,  =  ,'  [ 7-  +  e  BB^,  +  (m^+m„)  +  m,  

+  M^  -|  (e^+e^)  -^  ^  ;;|]  +  °(|«3l) 

/H"  e-  J  1  /rr 

(3.24)  ^32  =0^  -^+  (^1+^2^  ht^31+K-*-™2)  ;;=  +  ^^l^^^  -?J  ^ 


B 


31  =  .  t,-J  -  I  ^31  -  ^0^31  -  ( V^)  ^  "  ^1  tI  ^ 


^32  =-'^^'"  ^'l'"'2)  ^  [B3-L+(m^+m2)  ^+i\+^)     ^^  > 
From  (3.2  4) 2 

^31=  /[^-F'^31*  <V«2'  Ji^^l  J|l  ^-^0 
sufficiently  small.   Si±>stituting  into  (3.24), 
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Aoi    =  r'/  [ 7^  +   ^n^-,!    +    (mi+m^) +  m     

(3.25)    A32   =c''   {-^+    ie^-^e^)    ^  §  A3^+ (m^+m^) -^  +  (  M3^+^^) -^]  } 

B.,     =   0  [ +   ^  A,,    +    (M,+M,)     -i  +    Jl    — ] 

.-i./ir-         h       31  12        /r-  i    vtr 


32         ^    ^d/E  1      2      j^  h      31         1      2    ^j^ 


From    (3.25)^ 

.,    /Ee,  de,  de~  ,  e, 

31        '"         d^  1  2     h/E         1  h/E  ^   /E       1      2       ^   /E 

for   9„    sufficiently   small.  Substituting   into  (3.25), 

/E  e  de^  de„  ^  e, 

A^T    =    '      [ J^  +(m,+m^)    — -  +  m^    — =-  +R,    —   {e^+e^)+Mj   — ] 

^1       "  d^  1      2      h/E  1  h/K       ^   /E       1      2        2    /E 

B^,    =    ('■[ +(m,+m„)    -^ +m,    -^ +    M,    (e   +e„)+K, £,] 

31        ^     d/E         12      h^/E       1  hVh  1  h/E       12       ^h/E  1 

£  2 

^32  =  d^^^^'i^'i^  ^  [^+^2^  ;;;i^^v^2)  ^i> 

From    (3.4) , , 

a  a 

2  2 

=    C  (A,    +    -^1  l^.t     I  L+    ll_-  B^    )     =,0  (A,    +    i^  A,    +    !L-  B,    ) 
^         3(jo         -,2'  '^1   w'  '1      T2       303         t-^        3a)      TZ      loo      TT      3a3 
d  d  d  d 

/E  e  ,2 

t-'^  .2  3a)        72      3a) 


so  that 

m      =   ■■'     (3—  + 

/E 
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m      =   .-(Jii  +    -Ia,    +   !l^B,    )     . 
w       L      d  /r-      3a)        d        3a) 


similarly  from  (3.4)  , 


so  that 


^^sl^l  =^'flU3Cll3-T7  11^:113! 

u 

d 

<-    3(j0     ,2   lo) 
d 

d/h     ^'^ 


'I  ^  '"  <^  ^  i  ^-' 


Using  C3.26)  these  become 


m 


1  =  :>  [gi  +  Cm  +m2)  %  e^^^m     ^  £3+  M  ^i^;^+^2^+^2   K  ^1^ 

h  h 

e  2 

^2  =  ^'^d^+  (^1+^2^  ^  tm^+^2+  ^  (Mj^+M^)]} 
^^'^^^  e,  ,3  3         2  2 

^1  =  •:>  th-  +  ("^i+"^2^  ri  ^1+  "^1  7J  ^2^\  77  (^1+^2) +  ^2  rr  H^ 

h         h        h  h 

h 
We  can  treat  (3.27)  just  as  we  treated  (3.22) .   For  6„ 
sufficiently  small  we  can  eliminate  m,  from  the  right-hand  side 

of  (3.27)  to  get 

e  2 

m^  =  ,  '  [3^  +  1^2  ^  e^  +  M  I  U    +e^)    +    l^   ^  e  ^] 

h 
,     e  d^      h 

^  =   ■  fr^  -^  "^2  rr  ^1  +  ^1  ^  (^1+^2^  -^  ^  rr  ^i^ 

h  h  h 

''  ^2  H"^       h 
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When  6»  is  sufficiently  small  we  can  eliminate  m^  from  the 
right-hand  sides  of  the  above  obtaining 


m 


^2  =  ^^E^+  (^1+^2)  rr   (^^2^^ 

h 
When  Qq  is  sufficiently  small  we  can  eliminate  M,  from  the 
right-hand  sides  of  the  above  to  obtain 

e. 


-1  =  ^^dT  ^  ^  ^  ^1) 


"^2  =     ^fd^  +  (^1+^2^  E   ^^^ 

h 

h 
For  G.  sufficiently  small  M„  can  be  eliminated  from  the 
right-hand  sides  of  the  above  to  obtain 

(3.28)  ^ 


\  =  CP  (e^) 


From  (3.2  8)  and  (3.26)  we  get  (3.9)  for  1=3. 
As  we  continue  proving  (3.9)  for  larger  values  of  ^,  we  will 
at  the  same  time  prove 


(3.29)  " 

ha 
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which  holds  for  k  =  1,2,3,...  at  points  where  ^1^,3  7^  0. 

Since  1/c,.    <    16/9  at  points  where  L,  .    f^   0 ,     (3.28)  implies  that 
It  I  =  (^U   /d]    and  1 1 '  |   =  ^(e  /h)  at  points  where  C4  /  0. 


0)  '       *^    OJ'  '   CO  '        1^0)' 

From  (2.5)  for  k  =  1 


^11  "  ■'^1  "^  [(t^+t2)t|+t-^t^]F(t-^,t2) 
^12  "  ■'^2  "^  (t-^+t2)  (t|+t2)F(t^,t2) 


and  by  definition 


b,   =  t'  . 

Ico     w 

Therefore 

£ 


1^12'=  (P^\^2\    +  (ei+e2)  (It{|  +  |t'|)]  =(:;?(3^) 

at  points  where  c^  7^  0 . 

Therefore  (3.29)  holds  for  k  =  1. 

Now  we  change  the  meanings  of  m   and  M  to 

ra     =  max    C . I t    I 
(3.20)  ""  ^      " 

From    (3.20) 

( [(t^+t2) t[+t^t2]F(t^,t2)) 

=     [(t^+t2)t^^    '+t^t2^^  +  (t^+t2)t^    ^■'^1^2    '^^^l"^^2^^l''"^1^2 

•  ••  •••         I   •••      I  I        I     9    II  I        I        11        I 

+  (t^    +    t2)t^+t^t2+(t^+t2)     t^+(t^+t2)t2    t-j^ 


I      HI  7.7"  4  '         I     "^     ' 

+    t^(t2t2    +t^^  +  t^^t,+  t;^)     +     (t^+t^)  •'tjF(tT  ,t^) 

[t3^(t^+t2)F(t^,t2)] 


'12    2  2  2       2       2  ^12       "-i  J  J^  v  "-n  »  i-o^ 

.(4)     _ 
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C3.31) 

'       I     ?    "  I        I        ,     II  1        I        I     ■^ 

+    (t^+t2)     t^+Ct^+t2)t|t2    +    ti(t-^+t2) 

+    t^Ct2^+t2t2"+    t^^t2+t2'^)]F(t^,t2) 
[  (tj^+t2)  (t]^+t2)  F  (t^  ,t2)  ]  "  ' 

,   ( A)  ,   ( A\  •  •  III  III  ....  II  11 

=    [{t^+t^)  {t[^    '  +t'2^^'  )  +  [t^+t2)  it^   +t2    )  +  {t^+t2)  (t^+t2) 
+    (t|+t2)  (    t^   +    t2    )    +    (t|+t2)^(t]^+t2)  +  (t|+t2)^]F(t^,t2) 
[(tJ+t^)F(t^,t2)]  '^^^ 

t  (  A\  (  A.'\  I  I  III  i|i  II         "9 

=     [(t^+t2)  (t^^^'+t^^^M  +  (t^+t2)  (t^    +t2    )  +  (t^+t2) 
:^+t2)     (t^+t2: 


I        I     2       "       "  »        I     4 

+    (t,+t„)^(t,+t,)     +    (t,+t„)^]F(tT  ,t„) 


Since  i; ^   =  (P{r;^^^)    for  k  =  1,2,3,  (3.31)  gives 
C^l  ([(t^+t2)t|+t^t2]F(t^,t2))  '"  I 

+  m^c2^Ih'"^'4'^  +  "^^214!+  ir  ^3^141  +  1*4'^ 
■"  TT  ^3l"^il  -^  rr  (^i+^2)'^2lhl:  ^  (^1+^2)^21^2' 

n  2  n  4 

■^-h—  ^2'^   1-^  ^1^2^2141+  -^^21^21  +  -^+  4  (^1+^2^^ 

h  h    h 

?4l  [ti(t^+t2)F(t3^,t2)]  '^'^^  I 

+  M^C2(  It^|+!t2|)+  ij  (e^+e2)^?2l^ll'^  "T  (^l'*"^2)  ^2  '  4  ' 

'^  ^2  4 
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C^l  [(t^+t2)  (t3^+t2)F(t^,t2)] 


+    (F^+M2)?2(|til  +  |t2l)    +   ^(e^+e2)?3(|t*|  +  |t2|) 
h  h 

=     (P[(£^+e2)C4|tj(^M+   e2cJt2^^M+   ^    (  £^+£2^  ^3  ^  1  4'  '  "^  '  ^2"  '  ^ 

+    (M^+M2)?2C|t^!  +  |t2l)+   i^    (£^^+£2)  ^^2^  1^1 '"^'^2'^'^    ^^^l'^^2^'^^ 

h  h 

Using   the   above   and    (3.9)     for    £   <    4 

||C4([Vt2)t;+tjt2lF(tj^,t2))'"||4 

d 
|l5^[t^(t^+t2)F(t^,t2)]'^^^ll4 

=    ^[e\i+£iB,2  +  -^  (e^'l+£l^^)   +  §  e^] 

(3.32)  .       . 

||C4[(t3^+t2)(tj+t2)F(t^,t2)]***|l4 


/h     ,.     ^^     ^   ,,,   ^,,    ^    ,     h/h 

.2^.2,^,,      ^    ,     '(4) 


=     0[(ei+£2)B4i+e'B42^    ^    (^,-^£2)  ( ^^2^-^   ^  ^2^ 

d 


I  k4[(t^+t^)F(t3_,t2)]     ^^MU 


=    (9  [(£^^+£2)  6^^+9^642+    -3    (e;L'^^2^  ^^l"^^!^"^   ^  ^2^ 

/h  d 


Also 


.45. 


I  1  [t^(t^+t2)F(t^,t2)]  I  I4  =  (^(1  U2[t^(t^+t2)F(t^,t2)]  Il2)=<^(— g^) 
I  I  [(tJ+t2)F(t^,t2)]"|  I  4=  (19(1  k2[(t^+t2)F(t^,t2)]"|  [2)=  0(—^) 

where  we  have  used  (3.13)  in  the  last  two  lines. 

Substituting  the  above  and  (3.32)  into  (3.7)  and  (3.8) 

Nl   =    ^f-V""   'o'^^l   ""   ^'1^42    -^   ~   (9\+eiM2)]+   o(|b4^) 

^2^^        d  1 

^42    =    CP[— 3+   F    (^1-^S)B41+    Qo^^42+   7=    (^i+^s^^V^^l 
a  /h 


(3.33) 


+    o(^B42) 


^41   =    CP[^+  ^A4i+    eoB4i+   e^B42+   -;|   (Q^  l^^^e^^^^)  ] 

^42    =    ^f^  +   I  ^42^    (^1^^2^^41+    ^0^42+   ^^    ^^1+^2^  ( V^)^ 

We   can    "solve"    (3.33)    in   the   usual  way    if    0„    is    sufficiently 

small,    <±>taining 

e ,  /IT  ,         „ 

^41   =    ^f-71-^   -^^    iB^M^^e^M^)] 

^2   =    ^f^T-+   ^   (ei+e2)(^+^)] 
(3.34) 

From    (3.4)^^ 
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d  a 

e    /K  ,2 

^^         -  4(j0    j2   4a)   ' 

d^  ^ 

and 


d 


so  that 


e 


d  ,      ,  h/rr 


d    /n 


0) 


From  the  above  and  (3.34), 


d 
d 


(3.35)  ^      2 


h 

h 
We  can  "solve"  (3.35)  when  9^  is  sufficiently  small  to  obtain 

(3.36)  ° 


"...  -  0<Ht' 


CJ 
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If  we  substitute  (3.36)  into  (3.34),  we  get  (3.9)  for  il=4. 
Also  from  (3.36) 

d 

at  points  where  d-  7^  0. 

From  the  above,  (2.5)  for  k  =  2,  and  (3.12) 

e 

(jO, 


d 


By  definition 


e 


IboJ    =    It    I    =    O(^)      where    C,^   0. 


2(jo  '  'to'  "-^    hd 

Thus  (3.29)  is  valid  for  k  =  2. 

When  we  differentiate  (3.31)  ,  we  see  that  the  result  is 
linear  in  those  derivatives  for  which  we  do  not  have  pointwise 
estimates,  namely  those  of  order  3,  4,  and  5.   This  makes  the 
next  step  easier  and  from  (3.31)  we  obtain 

I  U5([(t3_+t2)t[+t^t2.]F(t^,t2))  "^^^  I  I5 

=  0^'\l   +  ^1^52  ^  ^  -1) 

d 

||55[t^(tj^+t2)F(t^,t2)l''^'  lis 

a 
I  |C5[(t^+t2)  (t]^+t2)F(t^,t2)  ] 


(3.37) 


d 

•(4) 


h/h 
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d 

lk5[(t^+t2)F(t3^,t2)]'^^^  I  |  =  (9[(e^+e2)B5^+e^B32+  ^  £3^ 

d 


From  (3.7),  (3.8),  (3.20),  and  (3.37) 


(3.38) 


d 
d 

Bco  =C^[  — ^  +  ?-  A,^  +  (e,+£^)B,T+  e^B^J 


/Fd 


J  "  h  "52 


1^2'  51    0  52 


From  (3.38)  we  get  (3.9)  for  Z   =   5   when  9   is  sufficiently- 
small  in  the  usual  way.   Then  (3.4)^,  gives 


"3"  '■Si'-M 


5uj    ,2   3co    ,2   5co 


-) 


/h 


^5lCI=  (^(^5.-77^3.)  =  Oi^) 


d"   ■'^       /Fd 
which  imply  \tj    =    0  (e^/d^)    and  \^l^'\=   (^  ^^^^/^^'^^       ^t  points 
where  Cg  t^  0 .   This  with  (2.5)  gives  (3.29)  for  k  =  3. 

It  is  easy  to  see  that  this  procedure  can  be  continued  to 
complete  the  proof  of  (3.9)  and  (3.29). 

This  completes  the  proof  of  (0.10),. 

k       '^l   ^2 
Since  8  t  ^,/3x,  3Xp    =  0  for  x,,  =  h,  by  the  mean  value  theorem 


8^t 


a31 


1^^=^'^ 


9x^-'-3x2^ 


max 

X3|<h 


^^^^t 


a31 


^      k^ 

3x,  3x„   9x, 


h  e, 
d 


using  (0.10),.   Thus  (0.10) „  is  verified. 

k       ^1   ^2 
Next  3  t  ,_/3x,  3x_    is  an  odd  function  of  x-  and  is  therefore 
a32'   12  3 

zero  for  x-,  =  0.   Since  also  it  is  zero  for  ^3  =  +  h,  it  has  at 
least  three  zeros  on  each  vertical  line.   Therefore,  using  the 
mean  value  theorem  several  times ,  we  have 
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9  t.^,      J    ^  a32    \     _  h^e^ 


-  '^'^  ,--'?,  1    k,    k.     I     =  ^<:TTf' 


k    k^      \   1x3  l<h   3,>j„  23  3   /       d 


8x,  3x~  ^    _    - 

from  (0.10),.  This  gives  (0.10)  ^  for  k^  =  0 .  Similarly  (0.10) ^ 
is  true  for  k^  =  1,2. 

By  more  reasoning  of  the  above  type,  the  remainder  of  (0.10) 
can  be  proved. 

From  (1.13)  and  (0.10)  ^^ 

z^  =  (t^+t^t2)F(t^,t2)  =  O'^^^^i) 

Z2  =  (tJ+t2)F(t^,t2)  =  ^(e^e2) 

2 

z|  =  [(t^+t2)tj+  t^t2]F(t^,t2)  =  C9(^  e^) 

2 

Z2  =  (t^+t2)  (t|+t2)F(t^,t2)  =  d)(^  ^2^ 

2 

z^   =  [(t^+t2)t![+t^t2+(t|+t2)  tj+t^t^^]F(t^,t2)  =  C?(^  e^) 

2 

Z2  =  [(tj^+t2)  (t![+t2)  +  (t|+t2)^]F(t^,t2)  =  C?(^  £2^  • 

h 

It  is  clear  that  each  additional  differentiation  will  result 

in  a  multiplication  of  the  estimate  by  1/d.   Therefore  we  have 

.2_    .    ^,h2 


d 
(3.39)       z^  =  0(^ej  =  C?(^ej 


d 
2  e. 


t  (k)  _  ^^  /   e     .  ^  _  .«/  w, 

00 


^■'""'  =  0(-fn^  ^J  =  CX:^)  f°^  ^^  "  2,3,... 


since  r.  .   is  a  linear  combination  from  the  set  z   (see  the 
line  before  (1.14)),  (3.39)  gives 
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a 

(3.40)  r^        =      0(|^ej      =     ^^TT^J 

d 

■^:""=     C?(-j^.J      =0(4)       fork   =2,3,.., 

h  d  d 

From    (1.9)^,    (0.10)^,    and    (3.40)    we      new    obtain    (0.11)^, 
From    (1.6)    we   see   that   for  x-   =  +  h, 

0   =   ^e^    +    z-=    [iE6„+6    „eF(e)    +   e    „F(e)]eQ.,    . 
E      a3  a3  E      ag        aB  a3  p3 


By  the  implicit  function  theorem,  these  equations  can  be 

solved  for  e  _  in  terms  of  the  other  strains  when  the  strains 
a3 

are  sufficiently  near  zero  (i.e.  when  0-  is  small  enough). 

Since  e  ,,  =  0  is  a  solution,  it  is  also  the  unique  solution. 
a3 

Thus  e  o   =0  for  x-,  =  +  h  and  (0.11)  _  and  (0.11)-,  are  now 

proved  in  the  same  away  as  (0.10) „  and  (0.10) t.   (0.10), 
is  proved  as  was  (0.10) r. 

This  completes  the  proof  of  (0.10)  and  (0.11). 
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4.   Proof  of  (0.14),  (0.15),  (0.16)  and  (0.17). 

For  any  function  A  =  A(x,,Xp,x^)  we  introduce  the  notation 
Aq,  (A)q,  [A]q,  or  {a}q  for  A(x,,X2,0).   Then  from  (0.2) 

^a3  "  ^^a3^0  "  ^^a32^0 

^a3  "  ^^ae,3^0  "  ^®a3l,3^0* 
(0.16)  follows  from  these  and  (0.11). 

To  prove  (0.16),  (0.17),  and  (0.19),  v/e  will  calculate 
estimates  for  the  derivatives  of  several  orders  of  the  stresses 
and  strains  with  respect  to  x-  evaluated  on  the  middle  surface. 
Most  of  the  rest  of  the  report  will  be  devoted  to  this. 

From  (1.6) 

_  X       A+2y 
^33  ~  E  ®YY      E~  ^33    ^33 

so  that 

2 

^^33^0  "  J+TH   ^^332"^332^0  "  I+Ty  ^yY  "  "  ^^+2y  "^YY  ^  ^^^  ^2^ 

using  (0.10)  and  (3.39). 
Similarly 

^^33,3^0  =  I+Iy  ^^331,3~^331,3^0"  X+^  ^yy  "  "  TfT^  ^yy'^    ^^JT  ^1^ 
Using  the  above  in  (1.6), 

^^aB^O  =  E  ^^kk^O^B  "^  -i   ^^aB^O  "^  (^a62)o 

2 

=  ^  ^XTIy  ^Y^3  -"^ae^  +  (9(jT  ^2^ 
(^a3,3)o  =  E  (^kk,3^0^6  "■  -^  (^aB,3)o  "^  (^aBl,3)o 
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We  list  these  as 


(^33^0    =   -    xW%Y    ^     <^^T7^2) 


(4.1) 


(-33,3^0    =-    xWNy    "    C?(^-l) 
_      2y    ,    X 


^Wo      =      ^   (xT2ir%Y^B    ^  V^    -^    ^(77^2) 


(t  ,    J    =     2y    ,^ 


a3,3    0  E      A+2y      yY    ^3  a3  ^2       1' 


Using    (4.1)3_,     (4.1)2,     ^O-ll)/    ^^'^    (0.12) 

2 


(^1^0 


(^ii^O    =    XW^Y    ^     0^^-2^ 


2v 


rh 


(^1,33^0    =    (^11,33^0    =     ^^^^ 


(s 


1,333'  0 


)n    =    (e,, 


ii,333'  0 


)n   =   0^-^) 


hd 


^^1,3333^0    ~    ^^ii, 3333^0   ~    ^^J3"^ 


(s 


1,33333' 0 


)n    =    (e. 


ii,33333'0 


)n    =     Oi-i) 


hd' 


X- 


o      o 


.+  (9( 


h^    7 


? 


C2) 


(^2>0=    (^ij^ij^O    =    W-^    (X  +  2y)^    "^^"^^" 

(^2,3^0    =    2(-ij-ij,3)0=2VNv^    7^;:^^  %Y^v-^  ^JT  ^1^2) 

^^2,33^0"    ^^^ij^ij,33'^^ij,3^ij,3^0 

2X' 


=   2b     b        +   =^^  b     b        +    /Q  (^  e^) 

(4.2)  YV    YV         ^x+2v)^      YY    ^^  '      ?      2' 

e 
<^2, 333)0   =    2(e.  .e.j^333+3e.j^3e.j^33)Q    =     C9(^) 


e,  e 


^^2,3333^0    "    ^^^ij^ij,3333"^'^^ij,3^ij,333'^-^^ij,33^ij,33)    ^^j:^2^^2^ 
^^2,  33333)  O'^^^ij^ij,  33333"^^®!  j,3®ij,  3333"^^°^!  j,  33^1  j,  333^0 

=  (5(^) 

hd^ 
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(^3,3^0  =  ^(^ij^jk^ki,3)0  =  O^—   ^1^2^ 

2 

(So  -,'>)n  "=  3(e.  .e.,e,  .  ,^  +  2e.  .e.,  -,e,  .  -,)  ^  =  0(—pt   ^o) 
3,33  0       1]  ]k  ki,33    13  3k,3  ki,3  0       h 

^^3,333^0"  ^^^ij^jk^ki,333^^^ij^jk,3^ki,33"^^^ij,3^jk,3^ki,3^0 

^^3,3333^0  "  ^^^ij^jk^ki,3333"*'^^ij^jk,3^ki,333'^^^ij^jk,33^ki,33 

^^3,33333^0"  ^^^ij^jk^ki, 33333"^  ^°^i  j®ik  ,  3®ki  ,  3333 

+  20e^jejj^^33ej^^^333+20e^j^3ejj^^3ej^^^333+30e^j^3ejj^^33ej^^^33)Q 

Let  (J?,  denote  any  analytic  function  of  s,,Sp,So  of  order  k 
in  the  strains.   Then 

^1  =  I      ^k^k 
^        k=l    ^  ^ 

2 


(X2    =    ^^^\   +  ^5^2  "^  ^^6^3 

^3  =  4^?  +  ^8^1^2  +  -^9^3  -^  ^10^ 


where  (^7,   (k=l,...,10)   are  analytic  functions  of  s-,,  s^,    s^. 
From  the  above  and  (4.2)  we  obtain 

((^0,3)0  =  oC^) 

(^0,33)0'  =  ^(^^^ 

(^0,333)0  =  ^(£i) 

'  hd   e- 

(^0,3333)0    =     o^-p 
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From  (1.1) 


(^1,3)0  =  ^(^) 
(^1,33)0  =  ^(^) 
(^1,333)0  =  Oi^) 

^'^1,3333^0  ^  ^^~d^^ 
(4.2A)  (^2)0  =  C7(e^e2^ 

(^2,3^0  =  ^(^) 

(^2,33)0=  ^(^) 

(^2,333)0  =  ^(t^) 

ha 

^^2,3333^0  "  ^^rTTJ^ 

h  d 

^^2,33333^0  "  ^  ^TTT^ 

ha 

2  2 
^^3,33^0  =  ^(^) 

(^3,333^0  =  ^(-p-^) 

62^2 

^^3,3333)0  =  0^-j^) 

h  a 


W   =  ^s2  +  ,S2  +^  =^2- 


This,  (4.2),  and  (4.2A)  give 
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h^  .2, 


(^%33)0  =  2y(b^^b^,+  ^b^^b^^)H-  ^(^  e^) 


(4.3) 


£,  £. 


(^,333)0  -  0^:^^ 


h  d 


(^,3333)0  =  ^(rrf) 

n  d 


(W, 33333^0  =  ^^f;^^ 


We  let 


(4.4) 


^iO  =  E  "i 


^1=^2=^3=° 


(i  =  1,2,3,4) 


where  W, ,  W^,  W^,  W.   are  the  functions  of  s^,    Sp,  s, 
appearing  in  (1.1).   Definitions  (4.4)  agree  with  (0.13)  for  i=l,2,4 
From  (1.6) ^ 


(4.5)  z.  .  =  (W20S2  +  3w4os24-^3)  6  .  j  +  2e..  (,120^1+^2)  "'^^ik^kj  ^""lO+^l^ 
where  u^    (k=l,2,3)  are  analytic  functions  of  s^,s^,s-j  of  order  k 


■l''"2'  3 


in  the  strains. 

From  (4.5),  (4.2),  (4.2A),  and  (0.11) 
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d 

ap,3  0     a3   20  Y^  YV    1  yy  vv    2   ag  yy   yy  a3 

+  3W   (a  b  „+a„  b   )  +  /0{\e,e^) 
10  ay  y3   3y  ya     ^  ^^  1  2' 

(4.6)  "^ 

(^ag,33)0  =  26^3(W2ob^,b^^+L^b^^b^^)  +  2L2  b^^b^^ 

^1^2 

^^ag, 333^0  "  ^^TTT^ 
'  hd 

^^ag, 3333^0  ~  ^^j^TJ?  ^2^ 

Also  from  (4.5),  (4.2),  (4.1),  and  (0.11) 

^2 
(^33)0  =  W20W  -^  Vyy%v-^  ^(^  9  ^2) 

^^33,3^0  =  ^""lo'yv^yv   ^  2L3a^^b^^  +  ^(^  e^e^^ 
^^•^)        (^33,33^0  =  2W2ob^,b^^  +  2L3b^^b^^  +  ^(i^  e^^ 

^^33,333)0  =  ^(^) 

hd 

q2 

^^33,3333^0  ~  (^^7272"  ^2^ 
'  h  d 

where  we  recall  that  the  constants  L,  are  defined  in  the  Appendix, 

From  (1.16) 
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(g    ) 


=    ^6      +    <^(^2) 


(g    ) 


(g     ) 


=      0(Je,) 


1   +    (^(eO 


From    (1.4)-,^ 


a3Y 


(r 


a3  3 


(r 


a  33 


(r 


a33 


(r 


(r 


33a 


333 


%-s(,a   +   ^aY,e   "   ^a3,Y   "    ^^d"^ 


0      =     ^a3    -^   ^^^  ^1^      =   ^^r^) 

,a^  (9(4 -2^    =^(a^^ 


^2 


IT2ir  ^YY 

A , 

A+2y      YY 


d. 


Substituting   the   above    into    (1.4)^,  we   obtain 

(c    „      )„    =  b    „b        -  b      bo      +    (0(%-  ^J 
a3YV   0  a3  YV  aY    3v        *-^  \a2      2 


(4.8) 


(^a3Y3^0    =    ^(^^ 


^^a333)o   =   ITTy   \3Ny    "  ^"yNp   ""    ^^^  ^2^ 
Using    (4.8)    in    (1.5),   we   have 

^3v,aY"^%Y,ev    -    ^a3,YV~%v,a3    =   ^a3^YV-^aY^3v+    ^^72"  ^2^ 


(4.9) 


V,e  -    ^a3,Y    =   ^^:^  "^1 


(s   o    -50)^    =    -v  ,  '\       (a  o-bot>      )+b      bo' 

a3,33'0         A+2y         YY/O'S  a3    YY  otY    y3 


-bob      )+b      h   a    +   (V(%r  ^o)     • 

n  R     w  rvv     vR  >— '       ,4         2 
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There  is  only  one  independent  equation  in  (4.9),. 
Hence  we  do  not  lose   anything  if  we  set  a  =  y,  3  =  v  and  sum. 
This  gives  the  one  equation 

1  e^ 

From  (1.3) 


(4.11)       t,.^j  .  2  e.^   t^.^.    .  2e,j^^.t^.  -  |w^,  =  0  . 

Letting  x^  =  0  in  (4.11)  and  using  (0.10),  (0.11),  and  (4.3) 

(^aj,j)o  =  ^(ar^2) 

(4.12) 

(^3j,j^0  =  ^  (VNv-^  XT^  %Y^v)  ^  ^(^  ^1^2^ 

=  ^(^) 
From  (4.1) 2  and  (4.12)2 

,  ^2 

(4.13)      ,r^.'5_  cT     +  a  ^  ^,  =  (j?(^  e„)  . 

Substituting    (4.13)     into    (4.10)    gives 

(^•1^)  %y,vv   =   ¥W   (NvNv-Ny\v)    "^    ^^^  ^2^  ' 

Differentiating  (4.11)  with  respect  to  x^  and  setting  x^  =  0 
gives 

(4.15)  2  2 
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From  (4.15)^,  (4.1)4,  ^^^    ^^•'■2 

,2 
From  CO. 10)3  we  have  (t3^^^3)Q  =  (9(-^  ^2^  *   This  with 

(4 .15) 2  gives 

2 

(^•17)    (^33,33)0  =  ^  (^v^v  +  Arr  Ny^v^  +  ^^^  ^2)  • 

From  (4.9) 3  and  (4.14) 

2 

/ .,  ^o^   /       ^     5A+4y  ,   ,       X(5X+6y)     ^   ,   4./^r^   p  ^ 
(4-18)   Ce^y,33)o  =  5TX+^^YV^YV  "  4(X+y)(X+2y)  ^yy^vv"^  <-^^^  ^2^ 

From  (1.6) 

^33,33  "  "  X+^  ^YY'33  "^  a+^  ^^33 ,  33"^33 ,  33^  * 
From  the  above,  (4.18),  (4,17),  and  (4.7) 

(4.19)    (e,^  ^^)„  =  L.b  b   +  L^b  b   +  Q{-yr.  e^) 
33,33'0     4  yv  Y^     ^  YY  ^^       d 


From  (4.18)  and  (4.19) 

2 
(e.  .  ^^)  r.   =   L,J3   b    +  L-job   b    +  (9(^  eo) 


From  (1.6),  the  above,  (4.9)  ,  and  (4.6) 


yv  YV     JO  YY 
3 


(^•20)  (t^B,33)0  =  ^3(^6^YvV-^VyY^v)  -^  E(U2y)  ^Y,ag 

+LQb   b    +  L^b   b  „  +  (2?(-T  Go) 

8  a3  YY     ^  CY  y3    ^  ^'^   ^ 

differentiating  (4.11)  twice  with  respect  to  x^,  letting  ^3=0, 
and  using  (4.9) „  among  other  previous  results,  we  cbtain 
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(t         )    -  ^^A^t^^.  b   b        -  In  (b    b 

aj,j33^0    ~   ETTTJTr     aYVV,Y  E    ^"yv   YV,a 


d~ 


^1^2, 


From    (4.20),     (4.14),    and    (4.9)2 
(^  >  r    4M(3X+y)     ,     ^^^20         .  1    h      h 

4Ay  32y(x2+Ay+y2)W2o+96y\^o-12x\Q 

+    f-  E(X+2y)    +  {\+2v)^  ^^yy''vv,a 

.    2  8yW„r,  -   h^ 

+     [        4y  J"    +   6w,„]    b      b  +    C9(iV  e^)     . 

E (X+2y)  A+2y  10'       ay    vv,y  ^,5      2 


Using  this  in  (4.21),,  we  obtain 

(4.22)  Ct    -    •.-,-,)n    =   Lmb      b  +    L^ib      b  +    L, -b      b  +('9C-^  e^) 

a3,333    0  10    yv   yv,a        11  yy    vv,a         12   ay    vv,y    '^    j5      2 

From    (4.16) 

^^3y,y33^0  "   E(\+2y)  '^yy  ,  vv    ^  ^^  ^1^ 
Using  this  in  (4.21)   gives 

(4.23)  (t33^333),  =  |^(^b^^^^^  +  CP  (^  e^) 

Using  Taylor's  formula,  (1,9)„,  and  the  fact  that  t  3,  is  an 
even  function  of  x,,  we  obtain 


,h2 
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2  3 

"   =   ^3llx3=h  =    '*a3l'o   +  T-   't,31,33'o   "^  ^  <^  ^l' 

This    can  be   rewritten   as 

(^3'o   =  -5^    <*a3,33'o   +    C?<^-l)     • 

From  (4.16)  this  becomes 

3 
I 

d 

From  (4.24) 

3 


(^•2^)      '-„3>0=i^I^  ^\y..'    C?<^^l' 


Substituting  this  into  (4.12) ^  gives 


Also 


3  h^ 


°  =  ^33llx3=h  =  ^^431,3^0  +  I-  ^^331, 333^0+  ^^^  "l^ 
which  can  be  written  as 

^^33,3^  =  -  I-   (^3, 333^0  +  CP  (^  ^i)  • 
Using  (4.23) 

(4.26)       (t33_3)„  =  -  2^f^h\^^^,  +  C(^  ^^l  - 
From  (4.25)  and  (4.26) 
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Both  (4.26)  and  (4.23)  can  be  rewritten  with  the  aid  of 
(4.27)  as 

<t33,333'o-  %  77   <%v\v   *   XW  °YY^vv'    *    C?<T4   =r 


Also 

^3  ,5 

0    =    t    ^tI  ,      =    h(t    -,T     ^)^    +    2—    (t^,^     o-5-3)n    +    {^^-TT   ^o) 

a32'x^=h  a32,3    0         6  a32,333    0         ^^,5      2 

2  ,4 

°    =    t332lx3=h   =    (*^332)0    "^    F"    (432,33^0    "^   ^  ^^  ^2^ 

from  which  we   obtain    (using    (4.17)) 

(^a3,3)0    =-    1^    <^a3, 333^0    ^    C9(|^  ^2^ 

(4.29)     (t33)Q         =-   ^    (t33    33)0    +    c9  (^  £3) 

'  d 

=   -   &  h'^vNv   ^   I^  Ny^v)    ^  ^  4  ^2) 


From    (1.6)^,       (4.29)2,    and    (4.7)^ 

X  ^^20  ^^3 

4 

-   ^,^  h^(b     b     ,  +   t4t—  b     b     ,)    +  (0  (^  Eo) 
A+2iJ  yv   yV         A+2y      yy    vv  ^^     ~4^      2 


(4.30) 


Thus 


2u  ^^20  ^^3 

^^ii^O         "    XTIy    ^yy   "    X+IiJ  ^yv^yv   ~    X+^  ^yy^vv 

-   IT2y  h'^NvNv   ^  I^  Ny^vv)    "^    C^^TT  ^2^ 
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From    (1.6)-,,    the   above,    and    (4.6), 

^4.31)  -    ET^h2(b^^b^^   +    ^b^^b^^)} 

4 

Oil  v» 

E      a3  2      a3    YY  10   cty   yP  d 

From    (1.6)^,     (4.28)^^,     (4.7)2,    ^^^    (O-H) 

(4.32)       (e^-,^)-=-   .tAt—  b        +   L,  .a      b        +   L^  ^a     b  ,      +  /?  (^  £-,) 
33,3    0  X+2y      yy  14   yv   yv  15    yy   vv        "-^     ,4      1 

Thus 

3 

(e.  .    ^)n   =  TT^  b        +Lt.g     b     ,   +   LT^a     b,+    ^(^  £,) 
jLi,3    0         A+2y      yy  14    yv    yv  15    yy    W  ,4      1' 


and    from    (1.6),,    the   above,    and    (4.6) ^ 


(4.33) 


^^aB,3)o   =   ^aB  ^E(X  +  2y)    ^yy   +   J  ^S^yv^yv   +   ^le^yy^vv^ 


+  ^b  „  +  L^(a  ob   +CT  b  o)+3WT_(a   b  o+a„  b   ) 
E   a3     2   a3  yy   yy  a3     10   ay  y3   By  Y^ 


+  ^(4  ^i) 

d    ^ 


From  (1.6)  „  we  have 


(4.34)    z  ,  =  2W^„e  ^s,  +  3W,  „e  ,  e,  -,  +  e  -,A„  +  e  ,  e,  ,A, 
a3      20  a3  1      10  ak  k3     a3  2     ak  k3  1 

where  A.  (1=1,2)  are  analytic  functions  of  s,,S2,s.;.  which  are 
of  the  ith  order  in  the  strains.   Thus 


^^a3,33)0  =  ^(^^l) 
and 
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using    (1.6),    and    C4.16). 

Since   e    -      =0    for   x^   =   +   h, 

a3w  3         —      ' 

0    =    ^a3llx3=h  =    (^a31^0    +    2"    (^a31,33)o    ^    ^  ^^  ^1^ 
so   that 

(^a3^0    =-   T-    (-a3,33)0   +   ^  ^^  H^ 
and  with    (4.35) 

3 


a3'0 
From    (4.34) 


(4.36)  (e    ,)_    =   .^I^  h^b  +    ^  (il^  e    ) 

a 3    0         A+2y  YY  / ct  fq ^      1 


6(X+y) (-4yW2Q+3XW^Q) 
^^3, 333^0    "  U+2^IP  NY^vv,a 

18(X+y)W  2 

From    (1.6),,     (4.22),    and    the   above  we   have 

E 
^®a3, 333^0    "   ITT     ^10^YV^YV,a    "^   ^17^YY'^vv,a    ^    ^18^aY'^vv,Y 

(4.37)  ^    ,2 


d 


Since 


h^    ,  .       .    .^,h^ 


°    =   ^cc32lx,=h   =   ^(^a32,3)0    +   ^    (^a32, 333^0    ^   ^^TT   ^2^ 


'3 
we   have 


y2  ^4 

(^3,3^0    =   -    6-    (^a3, 333^0    ""^^^   "2^ 


and    from    (4.37) 
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h^         E 


(4.38) 


IS^ay    vv,Y 


From    (1.5) 


^^B3,a33^0    ^    ^®a3, 333^0    "    ^^a3, 333^0         ^^33,a33^0         ^^a333,3^0 


Using   the   above,     (4.35),    and    (4.1)2,    ^^^^  becomes 


^^a3, 333^0    "        ^-^-^^  ^ 


T+Tii  '^YYra3         ^^a333 


,3'o  *   ^<TT=l' 


From    (1.4)-  we   have 


g-^^    =    6 .  .    -   2e.  .    +    4e.,  e,    .    + 
^  13  ID  ik   k] 


•    •    •         • 


This  with  (0.11)  gives 


/ 


■3^(g^^-6.  .) 


9x^-^3x2  Bx^ 


d 


[ 


if  (i,j)  =  (a, 3)  or  (3,3) 
and  k-,  is  even 

if  (i,j)  =  (a, 3)  and  k^  is  odd 


{ 


'if  (i,j)  =  (a, 5)  or  (3,3) 


hd 


and  k-  is  odd 


if  (i,j)  =  (a, 3)  and  k^  is  even 


Then  (1.4)   and  (1.4)^  give 


^1^2 
(^a333,3)0  -    ^^-^^ 

so  the  above  becomes 

^^•3^)       (-a3, 333)0  =  -  ^  ^Y,a3  "^  ^^TT  ^1>  ' 
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Thus 

^^YY, 333^0 X+I\r     YY,vv    +    C/ ^"T  ^1^ 

3{3X+4y)     1       ,         ,  .  \  V,       \     ,     ^0  /h  > 

making   use   of    (4.27). 

Using    (1.6),,     (4.2  8)2,     ^^'^^a'    ^^^   ^^^   above,    we  have 


From    (4.40)    and   the   relation   after    (4.39) 
(^11,333^0   =-'^7J   (VNv   '  iW  ^Y^v)    -^    ^(tT  ^l) 


From    (1.6),,    the   above,     (4.39),    and    (4.6)^ 

/.  V       _  3Xy  cP    /        K         X      ^  K      > 

^^ag,  333^0    ~   "    E(X+y)    "[^    ^^yv    YV         X+^  ^yY W^ 

(4.41) 

-    2y(3X+4y)  +    r9(^      £    ) 

E(X+2y)       ^YY,cx3         ^  V      1^  • 

From    (1.5) 

^^33, aY    "^    ®aY,33   "    ^a3/Y3   "    ^Y3,a3^0    "    ^^a3Y3^  0 

which  becomes 

3 


b 


aY,3         ^a3,Y    "    ^'^a3Y3^0    "^  '^   ^1^ 


using    (4 . 36) . 


From    (1.4)-    and   the   relations  before    (4.8) 
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Substituting  this  into  the  above  and  using  (4.13) 

'^aY,3  "  ^a3,Y  "  ^^3v  ,a"^^av,3"^a3  ,v^  ^Yv"  ^^YV,a'^'^av,Y~^aY,v^^3v 
(4.42)  ^3 

-  ^a3V,v  -^  ^aY^3v,v  +  ^^^  ^1^  ' 

From  (4.42)  and  (4.13)  we  obtain  (0.17),. 
In  the  same  way  from  (1.5) 


From  (1.4)2  ^^^    (4.1)^ 


(g"_i)^  =  -  2(333)0  +  ^(77  ^2^  =  XW  "o).  -^  ^(77  ^2^ 


From  (1.4)  ^  and  (4.36) 


3 

(r  oo)„  =  (e„-,   +  e  -,  „-  e  „  -,)„  =  — b  „+  »  ,  *^   h  b     „+  /P(-Tr  Et)  . 

a33  0     33, a   a3,3    a3,3  0     a3   X  +2y     aj(jo,a3    ^  1 

From  (1.4)^,  the  above  results,  and  the  relations  before  (4.8) 

we  can  calculate  (c  „   )_  and  substitute  into  a  result  above. 

a3Y^    0 

This   gives 

(4.43)    Oo  ,  +   o         n      -    o    o  -    o  o 

3v,aY  aY,3v  aBrY"^  Y^/Ct3 

=    {Or>        +0        „-a   „      )  (a  +a  -a  ) 

3w,a      aa),3      a3,co        vco,y      Y^^f^      Y^/^^ 

Yw,a      a(jj,Y      aY,oj        va3,3      3w,v      3v,a3 
+  ^a3Nv-  ^aY^3v 
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"*"   X  +iv   ''  '''oy''um,6v*  ''ev'^unj.aY  "^ap'^ww.yv  '^yv'^w"' , t»8 ' 
From  (4.11) 

From  (4.31)  and  (4.13) 


We 


+  ^^10^aY,vV"  E(U2u)  ^^(^YvNv,a+  xW^YY^v,a^ 

d    ^ 
use  the  expression  for  (t  ^  3)0  ^^om    (4.29)  ^^  and  (4.22) 


From    (4.1)  3    and    (4.13) 

2  2 

^''ay.v'Sv'o  =  -   ^^^  V%v,a  "^  %  %y,vV  ^^  ^<|t  "2> 

From    (4.2  4) 

2^y<S3>0  =  ^^{^^^Vvv.y  ^   ^<J^  ^1>    • 
From    (4.3), 

Combining   these   results  we   obtain    (0.17)  _. 
From    (4.11)    and    (4.3)^, 

(t     .     .^^^)n    =    (Oi^^)     . 
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From    C4.41)    and    (4.27) 

From    (the   above 

^'•''^       ^^a3,3333>0    =   ^^    ^vV^    xW  ^Y^v^  ,a   "^    ^  ^^  ^l^ 

From    (4.11),     (4.12)^,     (4.15)^,     (4.1)3,     ^'^''^U'     ^^'^h'     ^4.13), 
and    (4.9)^ 


^^aj,j3^0  -E    ^I+IU  ^vv^YY,a   "^   "^yv^yv  ,a   ~  '^YV,a\v 

From    (4.33),     (4.9)^,    and    (4.13) 

^^aY,Y3^0    =   "F   ^XT2ilSY,a   +   ^aY,Y^    "^   2"  ^8^YV,aV 

+    (^Lg+3W^0)a^^b^^^^  +    (L^g-   ^L2)a^^^^b^^ 


^^^10  h^ 

2-   ^rF^)^Y,v^av   +    ^^10^aY,vV    +    ^  ^^  ^1^ 


From    (4.42)    and    (4.13) 


(4.45) 


b  =  b  -    2(2A+y) 

aY,Y  YY,a  A    +2)j      ^yY/V    va         %v,a^YV 

a 


Using    (4.45)    in   the    two   above   relations,   we   obtain 
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(4.46)  _         +   L28%Y,a^vv+   ^29%Y^v,a+    ^30<^avNY,v 

+   L_,a     ,      b         +    L-„CT    ^,   ^b^,^,    +    (0  i-c-  El)     . 

31   vv,Y   yci  32    aYfV    Y^  d 

Since 

2  4  5 

0   =    ta3llx3=h   =    (^a3l)0    ^   F"    (ta31,33)o   +   ?T    ^  ^^31, 3333^  0^  ^  (^  ^1^  ' 

we   have 

(^a3>0    =   -   5^    (^a3,33)0   "   ^    (ta3, 3333^0    "^    ^  ^  JF  ^1^     ' 

From   the   above,     (4.46),    and    (4.44) 

(4.47)  +   ^35%Y,a^vv    +   ^36%Y^vv,a  "    7  ^30^av^YY,v 


1  1  h^ 

2  31   vv,Y    YCt         2       32    aY,v    Y^  ^q^      -*- 


From    (4.11) 


From    (4.4  4) 


(^3j,j3333^0    ~    ^^^6    ^1^ 


(t3Y,Y3333)0    =   ^    ^VV    ^    xW  ^Y^v^  ,.03   ^    ^  ^"^  H^     ' 
The    above    two   results   give 
(4.48)        (t33^33333)o    ="    ^    (VNv+    X^%Y^v\a3a.    +    ^^^^  ^1^  ' 
From    (4.9)  j^    and    (4.13)  , 
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ag  ,YY 


so   that 


^BY,aY    ^   ^aY,3Y    "    "YY,a&     "  '^upNy    ^  ^aY^^Y    ^  ^^?  "2^ 

,2 

X+2y      '^YY/aP  aB    YY  ^Y    3y         ^     d^      ^ 


3X  +  21J 


(4.49)       a_,    b^,,    =   -    ^^^5^:;:^  ^a)co,YV^YV~  ^yv^'yv^^'^'"   V^vo^V 


YV,oooa   Y^ 


,h" 


d 


From    (4.48),     (4.49),     (4.9)2,    ^^^    (4.27) 

18Xy    1  ,        ,  .       X 


a      b,„J 


(^33,33333^0    =   "    E(\+y)    TT  ^cuoj  ^^^YV^YV    "^    X+^  ^YY    W 


12y     r      3X+2y 


+    2a    .,    ,b. 


(4.50) 


Eh 


7    ^ )nF^  ^wa),Yv'^YV    "^    ^  yv    ^^i^  ,y^  YV,w    YV,tJ 


+    X+lZy    ^YY,w^vv,a)   +  '^yv'^vw^wy         4(X+y)    ^yv^YV^ 


0)0) 


Next 


(^1,33^0=    (^11,33^0=   ^37NvV+   SbNy^v^    ^^^  "2^ 
(^1,333)0=    (-11,333)0=  ^  77   (VV-^   X^  ^Y^v)+^(^  ^1^ 


(s. 


,).= 


6X 


b    .- 


h 
2(3X+4y) 


2,333'0"    X+7y    °o)0),YV°YV  ^V+^y  o)0),yv    YV 


3X(3X+2y) 1      ^       rrr      h     .    +    ,  ^„      CT      b 

(4.51)  -     (X+y)  (X+2y)     ;;T  <"a)0)  ^^Y^^^YV    +    X+7y    ^YY    VV 


6X 


0)0) 


(s 


,)o=    6b^,,b     b 


6X- 


^^1^2, 


3,333' 0  YV    vo)    0)Y  (p^+2y) 


jNy^vx^o)0)   +     C^^— T-) 
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(4.51)-,  follows  from  the  formula  after  (4.19),  and  (4.51)2 
follows  from  the  formula  after  (4.40). 

(4.51)3  follows  from  (4.2),  (4.39),  (4.40),  (4.9) 3,  and  (4.19) 

(4.51)^  follows  from  (4.2). 

As  before  we  let  a,  be  an  analytic  function  of  s,  ,S2,S2 
which  is  of  kth  order  in  the  strains.   Then 

^4   =   \^1^3+  ^2^2+  ^3^2^3''  ^4^+  ^5^1^2"'  \4 


^4,3  "  ^3^1,3  ^  ^2^2,3  "^  ^1^3,3 


where  A.  (i=l,...,6)  are  analytic  functions  of  s,,  S2,  s^ 
From  (4.2)  and  (4. 2 A) 

(^4,3)0  =  ^(— i-^) 
(4.52)  g4^2 

(^4,33)0  =  ^(-/) 

'  h 


(^4,333^0  =    ^^—P-^ 


h 
From  (1.1)  and  (4.4) 

E^=2¥^l  +  E-^2+  ^^10^3  +  "20^1^2  +  ^40  =  1  +  ^4 
SO  that 

E^,333  "  E  ^^1^1,333  ■*"  ^^1,3^1,33^  ^  E  ^2,333  ^  ^10^3,333 

^  ^20^^1,333^2  "•"  ^^1,33^2,3  "^  ^^1,3^2,33  "^  ^1^2,333^ 

2  3 

^^^40^^1^1,333  ^  ^^1^1,3^1,33  ^  ^^1,3^  ^  ^4,333  ' 
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From  the  above,  (4.2),  (4.51),  and  (4.52) 


1  ,      ,   _    6Xy  ,       2y (3X+4y) 

E  ^'^,333^0  ~  E(X  +  2y)  ^a3W,YV  yv  "   E(\  +  2y)   *^wco,yV^yV 

3Xy(3X+    4y)       1  ,        k         j_      ^  w       ^ 

E  (X+y)  {X  +  2y)    72      woo      y^    Y^         X  +  2y      yY   ^^ 


+    6(H.  +  WT„)b      b      b 

E  10      Y"^    vco    OJY 

(4.53)  ^_   ,, 

6Xy  ..       _,_.     .    .    12^^20, 


+     [rTTTX^v-T-    (L-,-7-l-L.)     +      .     .^^^Ib      b      b 
E(X+2y)  37  4  X+2y         y^    Y^ 


tow 


+     fETxT2^y(^38-S)^   TTTTT^^-'   ^lO^^'^^^'^lO^^^  W40)]NY^v^a) 


he,  e„ 
d 
From    (4.11)    and   other   results   derived   in    this    section 

/.       s       _        6Xy  K    +    2Xy    , 

^  3j,j33^0    ETX+IyT  ww,YV  YV    ElX+lyT  toco,YV  YV 

8Xy  (X+y)  ^  y,  ,      3X^y      1      /^   w   ,  J^         ^      >,   ^ 

g(^+2y)2  ^YY,w^vv,a)  ^  E(X+y)  (X  +  2y)  ^2  °a3oo^^YV  YV   1+7^  ^yY  vv^ 

+  6(H.  +  W,^)b   b   b    +  L-_b   b   b 

E     10   Y"^  ^^  ^Y     39  Y^  Y^  '^'^ 

he  e_ 

+  L.„b   b   b    +  /7  ( — L-t.)     . 
40  YY  "^^  ^^        ^  ,4  ' 

From  (4.46),  (4.49),  and  other  frequently  used  results 

^^.  \       _   _    4y  (X+y)    ,  ,       3X+2y    t       j.t  -^         t       i  k 

^^3y,y33^0    "        eTI+?TIT     YY ,  vv    ^    ^         X+^  ^26"^^3l"    X+TTT  ^32  ^  ^ojco  ,YV    yv 

+    (L„_+L^„)a      b  +    (L„,+L„_+L-^) a  b 

27  30      Y^    oj(jj,YV  26       27       32      Y^^^    Y^/^ 

28  29         X+2y      30       31      YY/^   vv,a) 
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^    2(X+y)       ^29    j^  ^toa)^%v'^YV         XT2y    ^yY    vv^ 

+   ^26^YV^va3%    +    [-^26    +    ?TtI^  ^2  8l^YV^YV^a)oo 

3 

_     .)1'l^.     L„ob      b      b         +    ^(?V  £-,)     . 
4  (X+y)       28^YY    vv    (jooo         *-^  ^Tb       1' 

From   the   two   above   results 

33,333    0         E  (X+2y)       YYf"^^  41    (jooj^yv   y^  42    yv   caaj,YV 


(4.54) 


+   L._,a  b  +   L.  .a  b  +   L.^b      b     b 

43   YV,(jj   yVf'jJ        44   yY  fi^   vv,oj        45   y^   voj    wy 


+   L.,b      b      b         +   L._b      b      b 
46    Y^   Y^    '^w  47    YY    ^^    ^^^ 


3 

From   after    (4.30) 


1  >  h^ 

^   ^48   ^  ^a3Co(%vNv   -^    X+^  ^y^v^    "^    ^^TF  ^1^ 


2y  ^^20  ^^3 

(s^)q    -    (e^^)Q    -   ^^^p^  a^^   -   ^-p^  ^yv^YV   "   XTTy    ^yy'^vv 

-   XT^  h2(b^^b^^    +   ^  b^^b^^)    +    ^(^  e^)     . 

From   after    (4.32) 

3 

(s,     t)„    =    (e..     ,)-    =   t-It—  t>        +Ln/iCfb        +L,  i-ab         +/y^  (^  ej 
1,3    0  11,3    0         A+2y      YY  14    y^    Y"^  15    yY    ^"^  J4      1 

From    (4.30)     and    (4.32) 

(^2,3^0    =    2(e.  .e.  .^3)q    =    2a^^b^^   +    2e33e33^3   +    ^(^  e^) 

2X^  ^^^14 

=   2a     b        + ah        —   >! — « —  aba 

'^      "^^  (X+2y)  ^      'I"*'    ^^         A  +  2y         YV    YV    tA3a) 

2XEW2Q  2X  ^^3 

"^    (;^+2y)2    "^YV^v^ojcj   +   XTTU    ^X+irr  "   ^IS^^yy'^vv'^uo) 

+        ^^^    .   h^b       (b     b         +   ^^  b      b      )    +    C?{K  e.  )     . 
(;^  +  2y)2  WO)'    YV^YV         X  +  2y      yY    vv'  ^      1 
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From    C4.2)    and    (4.1) 

9  ,5 

=    3a      a     b         +(3e^-e^^    .,)  ,    +(0{±.z.) 
yv    vo)   coy  33    33,3   0  ^^      1 

3  5 

=    3a   ,  a     b ^.^: y  a      a     b         +    ^  (3l_  e.)     . 

yv    vo)    coy         (x+iuK      "^"^  '^'^  d^ 

From   after    (4.52),  (4.2),    and   the   above 

J-   (W   ..)„    =  ^   (a      b     ,   +   yA,^  CT      b      )    +    3W,  „a      o     b 
E    ^    ,3    0  E    '    yv    yv         A  +  Zy      yy    vv  10    yv    vta   coy 

2yW„„ 

(4.55)  +   .     .^^    (a      a      b        +   2a     b      a      ) 

A  +  2y  yv    yv    ojco  yv    yv    ojco 

^  10 ^__20 ^L_iia      a     b      +    ^(^        ) 

(X+2y)^  yy   vv   0)03      ^   ^     1 

From    (4.11) 

(t_.     .)n    +    2(e-,-,t-,.     .+   e-,        t      +   e-,-,      t    ->   +   e^-,    -.to-,-    Tin=r  W    -,)  „ 
3^,3    0  33    3],]         3y,v    yv         33, y    y3  33,3    33      2E       ,3'0 

Using   estimates   already  obtained,    this  becomes 

(t  \       -        4y(^+u)    1,2^      ,  ,    4Xy(X+y)    ,2^  , 

^^3j,j^   -  -   E(X+2y)    ^  %v'"ojo),yv   +  g(^^2y)2        ^yy,oj^vv,o3 

"   E(X+2y)    '^o)0)^'^yv^yv    +    X+TH  ^yy'^vv^ 


TTOyT^'^o30)%vNv   +   I^Ny^v)^   l^^,  3^  O"^  C^^TT  ^1^ 


d 
Combining   the   above  with    (4.55)   we   cb  tain 

lY  \       -         ^V^'^^+V)    h2„      H  4.    4Xy(X+y)    ,2^  , 

^^3j,j^0    -   -   E(X  +  2y)    h    V^'^'^^YV    ""   E(^  +  2y)2         ^YY,a)^vv,o) 

+    ^    (^v\v-*-    rW  ^y^vv^     +    ^^10<^yv%o)^ojy 

4-    '^''20    ^  ^         ^     ,^^^20  2Xy      , 

X+2y      ^yv^yv^030i   ^     ^X+2^I  E  (X+2y)  ^  ^0)03^yv^yv 
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.     r    -2X^y         ,    -3x\Q-f6xV,Q+24y\ 

+  [ '-— >r  +  T ]a   a  b 

E (A  +  2y)  (A+2y)  '  ' 

5 

-,  ^^^^^    .  h^b   (b   b    +  ,A,5-  b   b   )  +  /^(IV  £.) 
E(X  +  2y)     woo  yv    jv         X+2y   yY  ^^     ^  jO   1 

From  (4.47),  (4.49),  (4.27),  (4.13),  (4.14),  etc., 

(t  )       -   h2r^y(X+y)  ,  r      3X+2y  .   _  1  . 

^^3y,Y^0  "  ^  ^E(X+2y)  ^YY,vv  +  ^   ^H^  ^33   2^31 

^   2(X+2y)  ^32^^a)W,Yv'^YV 

+  (L-.-  ^L^.)a   b      +  (L^^+L,.-  i-L,T)a     b 

34   2   30   Y"^  caoj^Y^      33   34   2   32   Y^/'JJ   Y'^r'j^ 

■^  ^^35"^  ^36"^  2(X+2y)  ^30"  I  ^31^  ^yY^^^vv  ,0) 

+  ^33''YV^va3^aJY 

J.  r  T   J.   X+2y   T   TV,   K   K      X  +  2y   t   i^   k   k   \ 
"^  ^"^33"^  4(X+y)  ^35J^YV  YV^ojoi"  4(X+y)  ^35'^yY  vv^oow^ 

+  ^[^;^^\^^  L-^a   (a  b   +  yA--  a     b  _)  +  r^(^  e, )  . 
2  (X+y)    36  coco'  y^  Y^    X+2y   yY  ^^^        d^   -^ 

Combining  the   previous  results  we  have 

(^33,3^0  =^  ^  (^vNv  +  XTTy  ^y^vv^  "^  ^^^10%(.^u)V^vy 

+   ..  ,  > —  a   a  b   +  L.„a   a  b  ,  +  L_„a   a  b 
X+2y    Y^  Y^  ^'^  49  uw  y^  Y^     50  yY  ^^    ^^ 

(4.56)   +  h^  {-  ^H-f^t^i  b      +  L^,a     b    +  L^-ct  b 

E  (X+2y)   YYf^^     51  ua3,YV  y^     52  y"^  a)0o,Y^ 

+  Lj.-,a  ,   b      +  L^.o  b     -L-iob   b  ,  b 

53  yv,ui  yVfUi  54  yY/^  vv,oo   33  y'^  ^'^   ^Y 

+  L^^b   b   b    +  L^^b   b   b   }  +  C9  (^  £-,  )  . 

55  Y^  Y^  ^'^  56  YY  "^^  '^^  ^^    Jo   1 

Also 
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°    "    '*^33l'x^=h   "   ^^^331,3^0    "^    6~    ^^331,333^0    "*"    l20"    ^^331,33333^0 

d 
which  becomes 

^2  ^4  ^5 

^^33,3^0    "  "    6~    ^^33,333^0    "    iTTT    ^^33,33333^0"^  d^  ^^^     ' 

Using    (4.54)    and    (4.50)    the   above  becomes 

(t-,o    ->)r,   =   LctCT       (a     b        +   T-r-T —  cr      b      ) 
^    33,3    0  57   (jow      y^    YV         X  +  2y      yY   "^^ 

,  2r         2ij(X+y)    ,  K         J.   T  K 

"^   ^    ^"    ^ETI+^yT     YY,vv    ^    ^58'^coaj,Yv'^YV         ^59^yv    (^w,yv 
(4.57) 

+   L^„a  b  +   L^,a  b  +   L,„b      b     b 

60    Y^ff^   Y^/f^  61    YYff^   vv,a)  62    y"^    "^^   ^Y 

+   L,^b   ,b    ^b        +   L,.b      b,h       }    +    ^(iV  e_)     . 

63    Y^    Y^    '^^  64    YY    ^^    '^^  ^6       1 

From    (4.56)    and    (4.57)    we   now   obtain    (0.17)  .. 
From    (4.43),     (4.13),    and    (4.27) 

a  -    o  -    -  o  +  +    (3X+2y)^ 

YY,vv    "      YV,YV         2      yv  ,u}   ^yv,bi        ^YV,w   ^y^^i,^         2(A+2u)  ^   ^'^'^'^   '^vv,a3 

-ibb,    +   i-bb        -3b       (ab,    +   J^  o     b      ) 
2      Y^    Y^^         2      YY    \>^>  (JJW      Y^^    Y"^         X  +  2iJ      yY    ^^ 

2  (A+y)     ,2  X  ^u      K  V.      K       ^ 

"^    X+^Ti  ^YV    wco,YV    "    X+TU  ^cjco^'^YV^YV    "  '^yY    vv^ 

d 
From    (0.17)2,     (4.43),     (4.14),     (4.13),     (4.9)2,    ^^^    (4.27) 

X+^  ^YY,vv    "^   ^YV,YV    ^    ^^21         X+^  ^19    "    XT^  ^22^^uca,YV    ^YV 
■^   h9^YV,w''YV,co   +    ^22^YV,a3'^Y(^,v    ""     ^^20    "   I+Tm    ^21^  ^YY,a3^vv,(^   + 
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+  L^^b     b      a        +    [omI^V--  L^.-   L,Q]a     b     b 
19    yv    vco    wy  2  (A+y )  24         19       yv    yv    ww 

''^  +  2y       T  w       I,  ,      r       3X         ^  X  +  2y       ^        ,  i,      v. 

4  CX+yT      20    couj    Y^    Y^  2  (X  +  y)       24         4  (X  +  y)       20'    yy    vv    uw 

2 

23      25      oj(jo,yv    yv         23    yv,(.o   yv,aj  24      25      yy,oa    vv,aj 

d 

Coi±>ining  the  above  two  results,  we  obtain  (0.17)^. 
This  completes  the  derivation  of  (0.17). 

(0.14)  and  (0.15)  are  now  easily  verified  using  Taylor's 
formula  and  estimates  we  have  derived.   In  the  listing  below 
the  left-hand  column  gives  a  part  of  (0.14)  or  (0.15), 
and  the  formula  numbers  to  the  right  indicate  the  estimates 
which  verify  the  part  of  (0.14)  or  CO. 15). 


(0.14) 
(0.14) 
(0.14) 
(0.14) 
(0.14) 
(0.14) 
(0.15) 
(0.15) 
(0.15) 
(0.15) 
(0.15) 
(0.15) 


4 


(0.2)2 

(0.2)^ 

(4.36) 

(4.38) 

(4.32) 

(4.30) 

(4.33) 

(4.31) 

(4.47) 

(4.29)^, 

(4.57)  , 

(4.29)^, 


(4.39) 
(4.9)3 
(4.35) 
(4.37) 
(4.40) 
(4.19) 
(4.41) 
(4.20) 
(4.46)  , 
(4.22) 
(4.54)  , 
(4.17)  . 


(4.44) 


(4.50) 


This  completes  the  derivation  of  (0.14)  and  (0.15) 
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Appendix 


"2 


(X+    2y) 


4yW 


20 


A+2y 

X  (A-4y)W2Q+12y^W4Q  +  3X^W^Q 


(A+    2y) 

U+    8y 

4(X+y)  (X+2y) 


5X^+    4Xy+    8y2  ^    ^^^20 

X   +2y 

2EL-, 


X(5X+4y) 

4CX+y)  U+2y)         YPTil 


X(5X+4y) 
4(X+y)  CX+2y) 


-    2E 


X(X-4y)W2Q+12y^W4Q+3X^V7^Q 
(X+-2yP 


_   X(5X+4y)    ^   ^^4    ^    „.,        _    Xy(9X+    8y)  .    ^^^"^20 
4E(X+y)         ■^~             20   ~   2E(X+y)  CX+2y)  X+2y 


X^(5X+6y)  .    ^^5         ^ 

4E(X+y)  (X+2y)    +    T~  "^    ^^] 


-X^y 


2E(X+y)  (X+2y) 


2Xy 


E(X+2y)    ^    ^^2    -      E(X+2y) 


12X^yW2Q+48y\T4Q-6x\^Q 

(X+2y)^ 
2y(4EW2Q-X) 


S      =   ^  +    ^^10 


10 


'11 


y(5X+4y)  „^       ^       _         4y(4X+3y) 

E(I+y) "^^6~H    "  E(X+2y) 


8^^20 


Xy(3X+    2y) 
E(X+y)  (X+2y) 


-2L7-L3    =  - 


32y(X^+Xy+y^)W2Q+9  6y\4Q-12x\7^Q 
(X+2y)^ 
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12 


T       -    T       +    8y(X+y)     ^    4y(2X+y)  ^^^^20 

~       8  9         E(A  +  2y)  eTX+^ID  A+2y 


-     6W 


10 


13 


^1  "   X+ITT 


6A^yW2Q+    24y^W4Q-    3A^W^q 
(X+2y)^ 


2EW 


14 


A+21J 


20 

A  +  2y 


Ay 


15 


16 


17 


(A+2y) 


2EL3 

A+2y 


E    h5    +    2L^    = 


-Ay 


E(A+2y) 


12A^yW2Q+    48y\^Q-    6a\^q 
(A+2y)^ 


g      4y{-A^  +  5Ay+2y^)W2Q-    48]!^^^-    3A  (  A^+9  Ay+6y^)  W^q 
_  (A+2y)^ 


2(2A  +  y) 
A  +  2y 


^^^2  0      _^      3E(2A+y)       ,  ^ 
A+2y      ^      y  tA  +  2y)  -^lo 


19 


2EW^ 

A+2y 


-     1 


20 


y    -^13         2y(A+2y) 


A(3A+2y) 
(A  +  2y)^ 


^    4Ay(A-y)W2o+    24y\Q-    3a\q         x(3A+2y) 


y 

EL 


(A+2y) 


(A+    2y) 


2         3^^^10 


'21        W        2y{A  +  2y) 


2EW 


20 


3AEW 


,__  10 

A+2y      ~    2y  (A  +  2y) 


3EW 


10 


'22 


^y 


+  2 


EL 


10 


23 


A+2y         12y 


2EW, 


A+3y  ""'2  0    ,       E 

3(A+2y)    +      3(A+2y)    ^  "2y   ^10 
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J-Irt    A        —       —        ^     —        ^-^ —  ^        "T 


'24  TTTo    T^"  12y         /  ■>  ,  o    \2         3y  ,  -,  ,  «    »  3 

(A+2y)  ^  (A+2y)  ^  (A+2y) 

T         -        ^^12    ,     2(A+y)       _      4A+5y  ^^^^20       .       E   ^ 

^25 T^  ^      A+2y        ~    3(X+2y)    "^    3(X+2y)    "^   2y  ^10 

T         -    4y   _    1   T       -    y(5A+8y)    _    "^^^20 
^26  E         2"  ^8  E(A+2y)  "X+Sy 

T         -         2y         1  -^w        -         y(^+4y)  ^^^20         ^ 

^27 E  "    2"  ^8  "    -^^10    -  "    E(X+2y)  XT^  "         10 

SA^y  8Ay(A-y)W2o+    48y\Q-    6a\^q 


E(A  +  2y)^  (A+2y)-^ 

^29    "        E{A+2y)         ^16         ^'2 

Ay(X+4y)    _    16y  (X^Xy  V)  W^q+    48^^^-    6x\q 
EtX+2y)^  (A+2y)-^ 

4yW2Q 
30  2  10  X+2y  10 

3AW,  rt  .     /  T,  ,     \  4yW„„         3AW,  „  .     /  o-i  ,     \ 

T  _         T       J.     10    J.    4y(2A+y)    _  "^    20     ,  10     .     4y(2A+y) 

^31    -   ~    ^2    "^      A+2y   ^      E(A+2y) A+21I  "^       A+2y    "^      E(X+2y) 


^32    =   -    ^  -    3Wio 


2yW, 
^33   ^   "  7  ^26  "    21"     "  "    E(X+2y)       "^      X+2y 


L_=-^L        -       ^      =-    ^f3X+5y)    ^    "^"20 


,  2  2yW„„         T 

T         -         1   T  ^   -         y  .  20         3 

^34    -   "    7  ^27   "    2e    -   E(X+2y)'^       X+2y    "^    7  ^10 


_82_ 


'35 


'36 


1  \\i 

7  ^28  ~    IeU+TUT 


Xy 


Ay(3X+y)         4Xy  (  X- y)  W,Q  +  24y\Q- 3a\o 
T  "^  ,,..    .3 


E{X+2y) 

Ay 


(A+2y) 


2    -29    -    2EU  +  2y)     "   E(x  +  2yP 

2EV7, 


2  8yCA^  +  Ay+y^)W2Q+24y\^Q-3A\^Q 


(A+2y) 


y(9A+    By) 


20 


'37         2(A+y)  (A  +  2y)  A  +  2y 


Ay 


'38 


'39 


-    2E 


A(A-4y)W2Q+    12y^W4Q+    3A^W^q 
(A+2y)^ 


■    2(A+y)  (X+'2y) 

_6Xy_   fT      .-T    T    ^-.   i!j^  3Ay(9A+    8y)       ,.    ^^^^^^20 

E(A+2y)     ^^3l'^^~^A>^      A  +  2y      "    2E(X+y)  (A  +  2y)    "^      X+2y 


^^^^  (L,,-L,+    44^)     +    ^    (-A\o+2A2pW2o  +  8y\Q) 


'40         E(A  +  2y)     ^38      5      A+Ty 


(A+2y) 


2E CA+y)  CA+2y)  (A+2y) 


6  Ay       ,     3 A+2y 


-     L^T     + 


41         ETA+TyT  A+2y    ^26         ""31         A+^      32 


y(3A+2y) (3A+4y)  „..       ^^^20 

_ —      Z  A  L      ■ jy 

E(A+    2y)^  (A  +  2y)^ 


3W 


10 


'42 


2Ay ^         ^         _    y(3A+4y) 

ETA+2y)    "    ^27"^30    "      E(X+2y) 


-  L^_,-L^«  =  ""^vV :  A'^'k  +  -■, . :;"  +  6V7 


A+2y 

8yW^ 
A+2y 


10 


'43 


4y2  8yW2o 

~    ^26"^27"^32    -   E(X+2y)    "^         A+2y    "^    ^^10 


8Ay(A+y)  A 

^44    "  TTTTTS"  ~      28   ~    ^29    ^   X+2^  ^30    "    ^31 

E(A  +  2y) 


4y(5A^+6Ay+2y^) 
E(A+2yP 

8y(3A^  +  2Ay+4y^)W2Q+   96y\4Q-    6  A  (  3A^  +  4  Ay+4y^)  W^q 

(A+2yP 
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4yW 


20 


45  E  10  26         E(A  +  2y)  X+2iJ  10 


'46    "   -^39    ^   ^26   "    4CX+y)    ^28 


'47 


yC69A^100Ay-H32y^)  4y  C5A^llAy+8y^)  W^q+    24y\^Q-    3x\q 

^^^^-^-^^^^^^^^  r^y)(A-.2y)2 

T         ..      A  +  2y      ,       _    A^y(23A+22y)  4  Ay  ( A-y)  W^Q+24y\Q-3x\Q 

^40  "^  4(A+y)     28"  TTTTrTTTTTT^  TTTTTTTT^rT^ 

4E { A+y)  (A+2y)  2(A+y)CA+2y) 


M8 


3A    y 


3(A+2y) 


E(A+2y)  (A+y)  2  (A+y)       ^29 

3Ay(3A+4y) 


2E(A+y)  (A+2y) 
4yW, 


+    3 


8y(A^  +  Ay+y^)W2Q+    24y\^Q-    3a\^q 


20 


'49 


2Ay 


A+2y         E(A+2y) 


3(A+2y) 
2(A+y) 


(A+y)     CA+2y) 


'36 


-Ay(4A+    7y)  8y^2A2+y2) W20+    72y\Q-   9a\o 

2E"(A+y)  (A+2y) 


'50 


2A^y 


E(A  +  2y) 


+  3 


2(A+y)  (A+2y) 
^2( 

T 


-a\q+  2A2yW2o+  Sy^^^ 


(A+2y) 


3A 
2 (A+y)     ^36 


-A^y(4A+    7y)  -  12  Ay (A^+Ay+2y2) W2Q  +  24y^ (-A+2y) W4Q  +  3 A^ (A-2y) W^q 


2E(A+y)  (A+2y) 


2(A+y)  (A+2y) 


-    3A+2y  1  A  J 

'51  X+TJI  ^33   +   T  ^31  "    2(A  +  2y)    ^32 


=  _    i,(3A^  +  7Ay+6y^)    ^      ^AyW^         ^    3AW^ 
E(A+2y)^  (A+2y)^         ^"^^^ 


'52 


"^34    "^   7  ^30         E(A+2y)    "      eCx+iJ      "    "aT?]: 


20 


-    3   W 


10 


_  84. 


'53    "         ^33         ^34    +    J  ^32    -    E(A  +  2y) 


4yW 


20_ 

X  +  2y 


-    3W 


10 


'54 


"    ^35   ~    ^36 


2(X  +  2y)     ^30         J      31 


+ 


4Xy (A+y) 
E(A  +  2y)  ^ 


yCllA^14Ay  +  4y^)       4y  (  3A^  +  2Ay+4y^)  W^q  +  4  8y  \q-3A  C3A^4Ay  +  4y  ^)  W-^^ 
E(A+2y)^  '  (A  +  2yP 


-    T  -     ^  +  ^M       r  _         2Ay 

'55    "    -^33         4CA+y)        35         E(A  +  2y) 


_^(17,2^39Ay+20y^)  4y  (  A^7Ay  +  4y  ^)  W^Q-24y  \q^3a\q 

4EtA+y)(A  +  2y)  ■*-  4(A+y)(A  +  2y)2 

A  +  2y 


2A    y 


'56    -    TOTiIT-35   -    E(,^2^yT 

_-Ay(llA^15Ay;>-2y^)       ^    4Ay(A-y)W,Q+    24y\     -    3a\q 
4E(A+y)  {A  +  2y)^  4(A+y)  (A  +  2y)^ 


3Ay 


'57         20E(A+y)  6      48 

-    Ay(6A+    7y)  8y  (  A^  +  Ay+y^)  W^^^    24y\Q-    3a\o 


lOEtA  +  y)  (A  +  2y) 


2(A+y)  (A+2y) 


'58 


1  y(3A+2y)       _  -y(3A+2y)  (9A  +  13y)  A  (^^^2( 

6    ^41         10ECA+2y)  i5E(A+2y)^  3tA+2y)  ^X+Iy" 


+  3W^0) 


'59 


S-  ^42    "^    T(5e      -    l5E!\  +  2y)    "    3{X+2y)         ^10 


'60 


5-  ^4  3    ^    5F 


y      _   y(3A-    4m) 


4yvr, 


20 


15E{X+2Trr  3(X+2y) 


-  w 


10 


'61 


1    L       +  .^^.. 

F  ^44+    5ECX+2y) 


y {53X^+66Xy+20y^) 
15E(X+2y)  "^ 


4y(3A^+2Ay+4y^)W2Q+    48y^W^Q-    3 A ( 3A^+4 Ay+4y^) W^q 

3CA+2y)  -^ 


-85- 


-  -  1  T      +    ^    -  -  y(^+7y) 


3(X+2y)    "   ^'^10 


^    _    1    T  y(3X+4y) 

'63  S"     46    ~  40E(A+y) 


-y(177X^+265Ay+92y^) 
60ECX+y)  CX+2y) 


4yC5X^  +  llXy+8y^)V72Q+    24y\^Q-    3A^W^q 
12CX  +  y)  (X  +  2y)  ^ 


'64 


-    ^    L 
6    ^47 


Xy 
40E(A+y) 


-Xy(59X^+61Xy+6y^) 
60E(X+2y)^(X+y) 

4Xy (5X^+5Xy+2y^)W2Q+    24y ^ (3X+2y) W^q-    3X^ ( 3X+2y) W^q 

l2(X+y) (X+2y) ^ 


_  9E(X+2y) 


W, 


'65    -    4y(X+y)       ^10 


3^^20 
'66         2(X+y) 


3E(X+2y) 


'67         4y(X+y) 

=  -21XCX  +  2y) 
20(X+y)^~ 


^^49~^57^ 


-    3E 


4Xy(A-y)W2Q+    24y\^Q-    3a\^q 
4y(A+y)^CA+2y) 


'68 


3ECX+2y)     ,^ 
4y(X+y)        ^^50 


X+2y      57' 


-21X' 


20(X+y)^ 
3E(X+2y) 


+    3E 


-2X(X^  +  Xy+4y^)W2Q+    24y\4Q-    3x\^q 


4(A  +  y)^(A+2y)^ 


2EAW, 


3EAW. 


69         4y(A+y) 
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